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Voigt’s notation (1/2)
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Hooke's law
o = Ce“, where C(6 x 6) sym+def
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Voigt’s notation (2/2)

Consistency

.

e e g'6=g Clé-é&)=0
Flow rule

€’ =AR  (set R = g for association)

Plastic multiplier

T L]

g' Cé
A= > 0
gl'CR —

Stress rate
oc=C(é—¢€")=C(é — AR)=Cé - CR\ = (C

\
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Cep

For symmetry, R = g.

Remark: UMAT output to enter the Newton-Raphson procedure.
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The algebro-differential problem

Stress increment

subject to

The latter may be replaced by ' = 0 leading to

o =C%¢=r(o,1)

e Plesek, J.: Numericka integrace konstitutivnich vztahl. InZ. mech., 6, No. 1, pp. 3-24,
1999.

e Plesek, J., K¥istek, A.: Assessment of methods for locating the point of initial yield. Comp.
Meth. Appl. Mech. Engrg., 141, pp. 389-397, 1997.
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Three commandments

1. Robustness is what an engineer really needs, putting the notion of method’s
accuracy on the back burner. Besides, 'accurate’ does not necessarily mean

'effective.’

2. Linear, single step methods are preferred in FEM due to the method’s heavy
data traffic.

3. Numerical stability of time marching schemes refers to the way a method han-
dles passing of round-off errors from one step to another.

e Lambert, J.D.: Numerical Methods for Ordinary Differential Systems.
Wiley, ISBN 0-471-92990-5, Chichester 1993.
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Explicit scheme

Euler forward
Yn+1 = Yp + ynAt = Yn T+ )‘ynAt = (1 + )\Aﬂyn

Round-off error attenuation
11+ MAE < 1

Assuming math stability

2
At = Atcrit = W

The Euler forward method is said to be conditionally stable.
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Implicit scheme

Euler backward
Yn+1 = Yn n yn+1At = UYn ™ )\yTH—lAt

Recurrent formula

Yn+1 | )\At

The Euler backward method is said to be unconditionally stable.
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Implicit scheme

Euler backward
Un+1 =St Unt 1AL = Yp TAY 1 A7

Recurrent formula

__ Y
YUn+1 1—)\At

The Euler backward method is said to be unconditionally stable.

e Both methods have the same (first order or linear) accuracy, the only difference
being their stability.
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A less known deficiency

Fixed point iteration
i+1 i
Ypa1) = Un + A Ot

Spectral radius

IAAL < 1
Convergence condition
1 1
Al < — =
|A] T

Remark: The critical time step is half the size of that of the Euler forward method!
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Sets of ODE

Plasticity equations
o =r(o,t)

may, first, be linearized as Error — 0 and, second, decoupled by the spectral
decomposition to obtain

_ Or

T

and | A|nax = max |\
U,

A-stability condition

At <
| A max

B-stability would treat the former fully non-linear operator r.

Remark: |A|max is seldom known beforehand, leaving us with experimentation.
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Concluding remarks

e Explicit methods are by far better (Plesek :-). They are much easier to handle,
require less number of FLOP and offer straightforward approach to coupled
problems.

e Disadvantage being the lack of information on At;, which, in fact, necessi-
tates the introduction of adaptive time step control. This is especially true of
integrating the so called stiff systems.

e Plesek, J., Korous, J.: Explicit integration method with time step control for
viscoplasticity and creep. Adv. Engrg. Software, 33, No. 7-10, pp. 621-630,
2002.

e One boast of implicit schemes is the built in early warning mechanism triggered
by the divergence of the inner iteration loop. This is usually dealt with by
halving the integration step. The integration is, thus, less efficient but able to
run in a fully automated mode.



