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Effective stress

Definition
f(0ij) = stress magnitude
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Effective stress

Definition
f(0ij) = stress magnitude

Property
f(0707"' 70) = ’O-‘

Yield condition

Yield function
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Tresca’s criterion (1864)

1. Hypothesis
Yielding is caused by shear.
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1. Hypothesis
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. — < const.
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Tresca’s criterion (1864)

1. Hypothesis
Yielding is caused by shear.

2. Formulation

01— 0O
= 12 3§const.

Tmax
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1. Hypothesis
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2. Formulation
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= 12 3§const.

Tmax

3. Calibration: tensile test
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Tresca’s criterion (1864)

1. Hypothesis Effective stress

Yielding is caused by shear. T. =0y — 03 (tension = compression)

2. Formulation

01 — 03
. — < const.
2

3. Calibration: tensile test

o—10 Oy
< const. = const. = 7

... it follows

01— 03 < Oy
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Tresca’s criterion (1864)

1. Hypothesis Effective stress

Yielding is caused by shear. 7.=01— 03 (tension = compression)

2. Formulation 4. Prediction: pure shear

01 — 03
b, — > < const. T.=7—(—7) =27 < oy

3. Calibration: tensile test

oc—20 oy
< const. = const. = 7

... it follows

01— 03 < Oy
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Tresca’s criterion (1864)

1. Hypothesis Effective stress
Yielding is caused by shear. 7.=01— 03 (tension = compression)
2. Formulation 4. Prediction: pure shear
g1 — 03
Tmax =~ < const. T.=7—(—7) =27 < oy
3. Calibration: tensile test ... consequently
2 — O (=2
const. const. = —
> 2 -
< T

... it follows
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Tresca’s criterion (1864)

1. Hypothesis Effective stress
Yielding is caused by shear. 7.=01— 03 (tension = compression)
2. Formulation 4. Prediction: pure shear
01 — 03
Tmax =~ < const. Te=7T—(—7) =27 < oy
3. Calibration: tensile test ... consequently
o—0 Oy
< const. = const. = —
2 Oy
TY = =%
... it follows 2
o, — o3 < oy 5. Validation
... Luders (1860), Schmid (1924)

Remark: Predictions can (and should) be validated.
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Single crystals — Schmid's law

Metal  Structure Slip systems CRSS (MPa)
Cu fec (1 IU)[] 11} 0.64

Al fce (110){111} 0.40

N1 fce (1103{111} 5.8
a-Fe bee (1115{101}, (1113{112}, (111){123} 32

Mo bee i (111){101} 50

Ta bee (111){101}, (111){112}, (111){123} 50

Slip plane normal

M 5 Slip direction

Yield stress (MPa)

O  Data
—— Schmid’s law

90

Angle between tensile axis and basal plane

r=0cos¢gcosd =o(t-n)t-s)

Dunne, F., Petrinic, N. Introduction to Computational Plasticity. Oxford
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Thick wall tube (1/3)

Plastic state

equilibrium equation: = .

yield condition: T, =0 — 0, =
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Thick wall tube (1/3)

Plastic state

equilibrium equation: —= o
q q dx T = A

yield condition: T, =0t — 0, = Oy

Solution
or(x)=oylnz+C
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Thick wall tube (1/3)

Plastic state

20a o . do—r 0-74 — O-t
equilibrium equation: 1= = 0 do, oy
dx 75 = =

yield condition: T, =0t — 0, = Oy

Solution
o-(r)=0oylnz+C

Boundary condition

or(ry) =oylnra+C =0 = C=—oylnnr



Institute of Thermomechanics

Thick wall tube (1/3)

Plastic state

20a o . do—r 0-74 — O-t
equilibrium equation: 1= = 0 do, oy
dx 75 = =

yield condition: T, =0t — 0, = Oy

Solution
o-(r)=0oylnz+C

Boundary condition
or(ry) =oylnra+C =0 = C=—oylnnr

Hence
T
o-(x)=0ylnz —oylnry=oyln—
1)



Institute of Thermomechanics

Thick wall tube (2/3)

Stress field at collapse

XL
= O'yln—
)
XL
O'y(l+1ﬂ—
T2

)
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Thick wall tube (2/3)

Stress field at collapse

x
r = In —
or(x) = oy nr2
x
o(z) = ay<1 + In —>
T2
Boundary condition
1
or(r)) =oyln—=—p

()
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Thick wall tube (2/3)

Stress field at collapse

x
r = In —
or(x) = oy nr2
x
o(z) = ay<1 + In —>
T2
Boundary condition
r1
o.(r) =oyln—=—p= —Pp

()
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Thick wall tube (2/3)

Stress field at collapse

x
o.(x) = oyln—
() 7
x
o(z) = ay<1 + In —>
T2
Boundary condition
r1
O'T<T’1) =oyln— = —P = —Dp
)
Critical pressure
r2
p =0y In —
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Thick wall tube (3/3)

Residual stress

res

o;°(r1) = oy — 2(g, + p)
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Thick wall tube (3/3)

Residual stress
0;=(r1) = oy — 2(0, + p)

where ;
Y40 ()
and p=oyln—
Ty

Oy —
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Thick wall tube (3/3)

Residual stress
0;=(r1) = oy — 2(0, + p)

where

2
r T2
O 2;012 and p=oyln—
Substituting
o2 9
a;®(r1) :ay(l— ; 2 an—)
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Thick wall tube (3/3)
Residual stress
0;°(r1) = oy — 2(0, + p)
where ;
(0 — ;mnl 5 and p= Uylng
s =1 8l
Substituting
- 27“% 9
o;2(ry) = ay(l —f% = lnr—l)
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Thick wall tube (3

/3)

Residual stress
oy (r1) = oy — 2(g, + p)
where ;
r r
(0 — 2;012 and pzayln—2
s =1 r1
Substituting
2 r
o;2(ry) = ay(l = 2 5 In —2)
. K
Shakedown condition
2 r T9
=2 In — < ZNEEEE O

(verify by direct computation)
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Thick wall tube (3/3)

Residual stress
oy (r1) = oy — 2(g, + p)
where ;
r r
(0 — 2;012 and pzayln—2
s =1 r1
Substituting
2 r
o;2(ry) = ay(l = 2 5 In —2)
. K
Shakedown condition
2 r T9
=2 In — < ZNEEEE O

(verify by direct computation)

Applications: autofrettage, shot peening, laser shock peening.



