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Proportional loading

b = αb0 , t = αt0

Find the load factor αp such that

bp = αpb
0 , tp = αpt

0 (all loads stationary)

Assumptions

• Perfect plasticity.

• Yield function is convex.

• Associated flow rule.
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SAS: Statically admissible set {σ,b,t} satisfies

σij,j + bi = 0 in Ω and σijnj = ti on Γ

We relax on F (σij) ≤ 0 at this point.

KAS: Kinematically admissible set {ε,u} satisfies

εij = 1
2(ui,j + uj,i) in Ω

? ? ?

SAS∫
Ω

σijεij dV =

∫
Ω

biui dV +

∫
Γ

tiui dS
6 6 6

KAS

Remark: The principle of virtual work can now be derived.
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ḃiu̇i d +

∫
Γ
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Stress field at collapse

Lemma: In collapsing structures stress field stays stationary.

SAS: solution {σ,b,t} ⇒ {σ̇,ḃ = 0,ṫ = 0} is also admissible

KAS: solution {ε̇,u̇}
SAS+KAS ∫

Ω

σ̇ij ε̇ij dV =

∫
Ω

ḃiu̇i d +

∫
Γ

ṫiu̇i dS = 0

Khun-Tucker condition

σ̇ij ε̇
p
ij = σ̇ijλ

∂F

∂σij
= λḞ = 0

Consequently ∫
Ω

σ̇ij ε̇
e
ij dV =

∫
Ω

Cijklε̇
e
klε̇

e
ij dV = 0

But Cijklε̇
e
klε̇

e
ij ≥ 0 , therefore ε̇eij ≡ 0 ⇒ σ̇ij ≡ 0 in Ω.
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Theorem: The admissible stress method yields a lower bound estimate.

SAS*: approximation {σ∗,α∗pb0,α∗pt
0}

• Find any admissible set {σ0,b0,t0}

• Let α∗p = sup{α |F (ασ0) ≤ 0 in Ω}
(in fact α∗p = σY /f (σ0) at the most stressed point)

• Denote σ∗ = α∗pσ
0

In addition we define:

SAS: solution {σ,αpb
0,αpt

0}
KAS: solution {ε̇,u̇}
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Plastic zone

Ωp ≡ {∀x ∈ Ω | ε̇p(x) 6= 0}
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convexity condition:

(σij − σ∗ij)ε̇
p
ij ≥ 0
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Theorem: The principle of virtual work yields an upper bound estimate.

KAS*: approximation {ε̇∗,u̇∗}

• Motivated by the Lemma we denote

Ω∗p ≡ {∀x ∈ Ω | ε̇∗(x) 6= 0}

• Inverse problem: ε̇∗ ‖∇F ⇒ σ∗, such that F (σ∗) = 0 in Ω∗p

• Dissipation

D =

∫
Ω∗p

σ∗ij ε̇
∗
ij dV

• The PVW method

D = Ẇ ∗ = α∗p

∫
Ω

b0
i u̇
∗
i dV + α∗p

∫
Γ

t0i u̇
∗
i dS ⇒ α∗p
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In addition we define:

SAS: solution {σ,αpb
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SAS+KAS* ∫
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σij ε̇
∗
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∫
Ω
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i u̇
∗
i dV + αp

∫
Γ

t0i u̇
∗
i dS

Comparing against the PVW estimate

1

αp

∫
Ω∗p

σij ε̇
∗
ij dV =

1

α∗p
D

where the integration domain could safely be reduced to Ω∗p.
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