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Limit loads

Fe (elastic limit) , Fp (plastic collapse) , κ =
Fp
Fe
' 1.5

Residual stress

σres = f (F ) + g(−F )
f = elastic-plastic operator

g = elastic operator (assuming all elastic unloading)

−σY c ≤ σres ≤ σY t (elastic range check)

Let g = L be linear. Then

σres = f (F )− L(F )

Remark: L(F ) may be regarded as fictitious stress as if no yielding had occurred.
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For metals σY c = σY t = σY . Then

σres
max = f (Fp)− L(Fp) = f (Fp)︸ ︷︷ ︸

σY

−κL(Fe)︸ ︷︷ ︸
σY

= σY (1− κ)

Shakedown condition

|σres
max| = σY |1− κ| ≤ σY ⇒ κ ≤ 2

Static load assessment: σD =
σY
k′
, k′ =

k

κ
' 1

Life time prediction

• κ ≤ 2 high cycle fatigue

• κ > 2 low cycle fatigue
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Quizz

• κo = 1.15 for I-profile

• κo = 1.7 for ©



Principle of virtual work

b?

F

� A
�
�
�
�
�

���

� -� -
l/2 l/2



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ

Collapse mode

ϕ ' sinϕ =
v

l/2
=

2v

l



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ

Collapse mode

ϕ ' sinϕ =
v

l/2
=

2v

l

Dissipation

D =Mopϕ + 2Mopϕ = 3Mopϕ



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPq
plastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ

Collapse mode

ϕ ' sinϕ =
v

l/2
=

2v

l

Dissipation

D =Mopϕ + 2Mopϕ = 3Mopϕ

Energy conservation

D = Fpv



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ

Collapse mode

ϕ ' sinϕ =
v

l/2
=

2v

l

Dissipation

D =Mopϕ + 2Mopϕ = 3Mopϕ

Energy conservation

D = Fpv

comparing . . .

Fp =
6Mop

l

Exercise: Testing various boundary condi-

tions is quite easy for the PVW method.



Principle of virtual work

b?

Fp

� A
�
�
�
�
�

���

� -� -
l/2 l/2

s s��) PPqplastic hinges

PPPPPPPPP��
��

��
��
�

s � A
b

� A
s

��� ������

ppppppppppppppvϕ

Collapse mode

ϕ ' sinϕ =
v

l/2
=

2v

l

Dissipation

D =Mopϕ + 2Mopϕ = 3Mopϕ

Energy conservation

D = Fpv

comparing . . .

Fp =
6Mop

l

Exercise: Testing various boundary condi-

tions is quite easy for the PVW method.

Remark: Equilibrium equation not needed!
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Elastic solution: Mmax
o = 3Fl/16

Fe =
16Moe

3l

Elastic-plastic load factor

κ =
Fp
Fe

=
6Mop

16Moe/3
=

9

8
κo

Circular cross-section: κo = 1.7 ⇒ κ = 1.9 < 2 ⇒ shakedown will occur

Fshakedown = Fp

Remark: In general Fshakedown ≤ Fp. Shakedown factor = Fshakedown/Fallowed



Terminology

Load factor

k =
Fp

Fallowed

Shakedown factor

ks =
Fshakedown

Fallowed

Elastic-plastic load (shape) factor

κ =
Fp
Fe

Factor of safety

k′ =
k

κ
=
σY
σD
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Torsion

Stress function

∃φ(y, z) :


τy = −∂φ

∂y

τz =
∂φ

∂z

Equilibrium eqn. automatically satisfied.

Resultant torque on the cross-section

Mk = 2

∫
A

φ dS

Elasticity

BM: −∇2φ = 2Gθ

(Prandtl’s membrane analogy)

Plasticity

|τ | =
√
τ 2y + τ 2z = ‖∇φ‖ = τY

Exercise: Verify the general solution for a special case of circular cross-section.




