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SAS: all Ni = NY
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SAS: all Ni = NY
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SAS: all Ni = NY
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Principle of virtual work

KAS: (∆l2)· = v
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KAS: (∆l2)· = v

Compatibility

(∆l1)· = (∆l2 cosα)· = v cosα
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Admissible stress method

SAS: all Ni = NY

Fp ≥ NY (1 + 2 cosα)

Principle of virtual work

KAS: (∆l2)· = v

Compatibility

(∆l1)· = (∆l2 cosα)· = v cosα

Lemma: all truss flow, therefore

D = NY v + 2NY v cosα
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SAS: all Ni = NY

Fp ≥ NY (1 + 2 cosα)

Principle of virtual work

KAS: (∆l2)· = v

Compatibility

(∆l1)· = (∆l2 cosα)· = v cosα

Lemma: all truss flow, therefore

D = NY v + 2NY v cosα

PVW: D = Fpv

Fp ≤ NY (1 + 2 cosα)
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Admissible stress method

SAS: all Ni = NY

Fp ≥ NY (1 + 2 cosα)

Principle of virtual work

KAS: (∆l2)· = v

Compatibility

(∆l1)· = (∆l2 cosα)· = v cosα

Lemma: all truss flow, therefore

D = NY v + 2NY v cosα

PVW: D = Fpv

Fp ≤ NY (1 + 2 cosα)

Remark: Either equilibrium or compatibility equations used but not both.
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Tresca’s dissipation

Yield condititon

τe = σ1 − σ3 = σY

Associated flow rule

ε̇p1 = +λ

ε̇p2 = 0

ε̇p3 = −λ

 ⇒ ẇp = σij ε̇
p
ij = σ1ε̇

p
1 + σ3ε̇

p
3 = (σ1 − σ3)︸ ︷︷ ︸

σY

ε̇p1

Dissipation

D =

∫
Ωp

ẇp dV =

∫
Ωp

σY ε̇
p
1 dV
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Thick wall tube

KAS: principal strain rates: ε̇t > 0, ε̇o = 0, ε̇r < 0

Using the Lemma and Tresca flow rule

ε̇r = −ε̇t ⇒
dv

dx
= −v

x

Solution

v =
C

x
and ε̇t =

C

x2
≡ ε̇1

Dissipation

D =

∫ r2

r1

σY

(C
x2

)
2πx dx = 2πCσY ln

r2

r1

PVW: D = 2πr1pv = 2πCp ⇒ p = σY ln
r2

r1

Remark: The same result as for the admissible stress method—see Lecture 3.
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Discussion

Putting it all together

1− d

h
≤ σp∞
σY
≤
( 1

cosα
− d

h

) 1

2 sinα

Exact solution

• For d/h→ 0, α→ 45◦ and σp∞ → σY

• For d/h→ 1, α→ 0◦ and σp∞ → 0

Setting d/h = 1/3 and α = 41◦

0.67 ≤ σp∞
σY
≤ 0.76

Then the maximum error is (0.76 - 0.67)/0.67=13%.
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Correction for the von Mises criterion
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≤ 0.76

2√
3

= 0.87

Numerical data: E = 210 GPa, ν = 0.3, σY = 300 MPa.
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0.67 ≤ σp∞
σY
≤ 0.76

2√
3
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Numerical data: E = 210 GPa, ν = 0.3, σY = 300 MPa.

Read from the plot: σp∞ = 232 MPa.



FEM verification

Correction for the von Mises criterion

0.67 ≤ σp∞
σY
≤ 0.76

2√
3

= 0.87

Numerical data: E = 210 GPa, ν = 0.3, σY = 300 MPa.

Read from the plot: σp∞ = 232 MPa.

σp∞
σY

=
232

300
= 0.77


