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(from consistency condition Ḟ = 0)

Stress update

σ̇ij = Cijkl(ε̇kl − ε̇pkl) = σ̇tij − 2Gε̇pij
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Hugoniot problem (1/3)

Stress deviator

S =

 So 0 0

0 Sr 0

0 0 Sr


Zero trace theorem

So + Sr + Sr = 0

Stress deviator

S =
So
2

 2 0 0

0 −1 0

0 0 −1


︸ ︷︷ ︸

M

Yield condition

|So − Sr| =
|So|

2
(2 + 1) = σY

therefore

So = −2

3
σY

and

S = −σY
3
M

Remark: Note that the deviator tensor is constant at plastic state.
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Hydrostatic pressure

−∆p = K∆εo
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K =
E

3(1− 2ν)

(no plastic collapse)

Hugoniot elastic limit

HEL =
1− ν
1− 2ν

σY ' 1.75σY

Bulk sound speed

c0 =

√
K

ρ0

Hugoniot empirical relation

c = c0 + sv (for most metals: s ' 1.5)

Remark: Used in the hydrodynamic approximation of shock waves.
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Lode’s parameter

µσ =
σ2 − (σ1 + σ3)/2

(σ1 − σ3)/2
=

2σ2 − (σ1 + σ3)

σ1 − σ3
=

3S2

S1 − S3

Analogically

µε̇p =
3ε̇p2

ε̇p1 − ε̇
p
3

=
3S2

S1 − S3
= µσ

Thus, we need to test

µε̇p = µσ for µ ∈ [−1, 0]
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Proportional loading

S(t) = g(t)S0

Prandtl-Reuss equation

ε̇p = λpS = λpg(t)S0

Integration

εp = h(t)S0 =
h(t)

g(t)
S = λHS (Hencky, 1924)

Therefore

µεp = µσ for µ ∈ [−1, 1]
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ε̇p1 = Aσ1 + Bσ2 + Bσ3
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ε̇p3 = Bσ1 + Bσ2 + Aσ3

Mean strain

ε̇pm = Aσm + 2Bσm

Assuming incompressibility

2B = −A

Thus, we have

2ε̇p1 = A(2σ1 − (σ2 + σ3)

2ε̇p2 = A(2σ2 − (σ1 + σ3)

2ε̇p3 = A(2σ3 − (σ1 + σ2)

Deviator completion

2ε̇p1 = 3AS1

2ε̇p2 = 3AS2

2ε̇p3 = 3AS3

Therefore

ε̇p = λpS

Conclusion: Slight non-linearity of R(σ) is probably the culprit.



Henri Édouard Tresca

(1814-1885)
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