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Review of Jo-theory

Von Mises stress

Oc = \/%SUS@']' = F(O‘Z‘j) =o0.—oy <0

Associated flow rule

OF 3\
€ = )\(90@’]’ = éaySZ-j (deviatoric)
Plastic multiplier
Sij€ij : L
A= (from consistency condition F' = 0)
%

Stress update
6ij = Cigni(én — &) = 03 — 2G&



Institute of Thermomechanics

Hugoniot problem (1/3)

onse|d Aposued-onse|g

. 0 \\\&

lsureluod pibiy




Institute of Thermomechanics

Hugoniot problem (1/3)

Stress tensor

o, 0 0
oc=|0 o 0 (1o = £1)

0 0 o,

o
=
%]
©
Q
>
=
[S]
0]
w—
o
0]
o
1
]
=
7]
]
w

Rigid container




Institute of Thermomechanics

Hugoniot problem (1/3)
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Hugoniot problem (1/3)
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Boundary condition for elastic state
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Hugoniot problem (1/3)

Stress tensor
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Hugoniot problem (1/3)

Stress tensor Stress deviator
o, 0 0

o ="k 0 (e = £1) Sh=
Ol o,

Universal yield condition
O =Te = |0, — 0r| = 0y
Boundary condition for elastic state
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Hugoniot elastic limit (HEL)
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Hugoniot problem (1/3)

Stress tensor Stress deviator
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Hugoniot problem (1/3)

Stress tensor Stress deviator
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Hugoniot problem (1/3)

Stress tensor Stress deviator
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Hugoniot problem (1/3)

Stress deviator Yield condition
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Hugoniot problem (1/3)

Stress deviator Yield condition
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Hugoniot problem (1/3)

Stress deviator Yield condition
S, 0 0 |So]
’ SO — Sr o 2 1) =
0 0 S, therefore
Zero trace theorem
2
So+ S, +8, =0 So e CY
Stress deviator
5 0 0 and
S :% 0 —1 0 -
0 0 -1 SEE
M

Remark: Note that the deviator tensor is constant at plastic state.
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Hugoniot problem (2/3)

Prandtl-Reuss
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Plastic multiplier
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Hugoniot problem (2/3)
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Hugoniot problem (2/3)

Prandtl-Reuss
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Hugoniot problem (2/3)

Prandtl-Reuss Axial strain
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Hugoniot problem (2/3)

Prandtl-Reuss

Axial strain
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P =——S=—-M e _ !
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Hugoniot problem (2/3)

Prandtl-Reuss

Axial strain
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Plastic strain rate Elastic strain tensor
: 1
e’ = %M A€’ = gﬁeol (isotropic)

Integrating




Institute of Thermomechanics

Hugoniot problem (2/3)

Prandtl-Reuss
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Plastic multiplier
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Plastic strain rate

& = M
3

Integrating

Axial strain

1
Ae; = Ae, — Aé) = §A60

Radial strain

Ael =0— A€l = 1A60

)
Elastic strain tensor

1
A€’ = gﬁeol (isotropic)

Hydrostatic pressure

—Ap = KAe,
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Hugoniot problem (3/3)
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Hugoniot problem (3/3)

Hugoniot elastic limit

A 1_
D HEL = VO'yZ 1.75UY
1 —2v
i
i)
HESSES Bulk sound speed
1 —v
E
1 —v—202 Co= 5
P0

(no plastic collapse) Hugoniot empirical relation

c=cy+sv (for most metals: s ~ 1.5)

Remark: Used in the hydrodynamic approximation of shock waves.
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Taylor & Quinney (1931)

Lode’s parameter
_02—(01+03)/2_20’2—(01—|—03) 395

Mo = — ™
(0'1—0'3)/2 @ — O3 51—53
Analogically
B Ség - 395
Her = —p Mo

61—é§ 51—53

Thus, we need to test

per = fty  for p € [—1,0]
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Lode & Nadai (1928)

Proportional loading
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Lode & Nadai (1928)

Proportional loading

Prandtl-Reuss equation
& = )\,S = \g(t)S"

Integration

e’ = h(t)S" = %S = AgS  (Hencky, 1924)
9

Therefore

per = g for p € [—1,1]
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Discussion of the controversy

Assuming linearity of the flow rule Thus, we have
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Discussion of the controversy

Assuming linearity of the flow rule

e’ = \L(o)
Assuming isotropy

611? = Ao, + Boy + Bos
¢ = Boy+ Aoy + Bos
Eg = Boj + Bog + Aoy

Mean strain
et = Aoy, + 2Boy,
Assuming incompressibility

2B=-—-A

Thus, we have
26219 = A(20'1 = (0'2 + 0'3)
265 A(20'2 — (0'1 + 0'3)
26§ = A(20'3 i (0'1 + 0'2)

Deviator completion

26'?1J = 3AS;
2612) = 3A5
26']; = 3AS;
Therefore
€’ = \,S

Conclusion: Slight non-linearity of R(o) is probably the culprit.
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