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κ− div h + σ:D = ρu̇ in Ω

Material description

Jκ︸︷︷︸
K
− Jdiv h︸ ︷︷ ︸

Div H

+ Jσ:D︸ ︷︷ ︸
Σ: Ė

= Jρ︸︷︷︸
ρ0

u̇ in Ω0
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Piola heat flux vector

Using the Nanson formula . . .∫
∆St

h · n dSt =

∫
∆S0

Jh·(F−TN) dS0 =

∫
∆S0

JhiF
−T
ij︸ ︷︷ ︸

Hj

Nj dS0

=

∫
∆S0

HjNj dS0 =

∫
∆S0

H ·N dS0

Definition

Hj = JhiF
−T
ij = JF−1

ji hi ⇒ H = JF−1h
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Green-Lagrange strain

ė = FTDF ⇒ D = F−T ėF−1

Index notation

Dij = F−Tik ėklF
−1
lj = F−1

ki ėklF
−T
jl

Power density in the reference configuration

Jσ:D = JσijDij = JF−1
ki σijF

−T
jl︸ ︷︷ ︸

Skl

ėkl = S : ė

Definition

S = JF−1σF−T sym
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Transformation of stress power

∫
Vt

σ:D dVt =

∫
V0

S : ė dV0

Remarks

• P = JσF−T ⇒ S = F−1P (symmetrization)

• 1st-PK comes from stress equilibrium.

• 2nd-PK comes from stress power.
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Conjugate tensors

In general

Ė = L(D) ⇒ ∀E,∃Σ : Jσ:D = Σ: Ė

Definition

{Σ,E} conjugate ⇐⇒
∫
Vt

σ:D dVt =

∫
V0

Σ: Ė dV0

Examples: {S,E}, {P,F} , {σ,−}, {σ, ε} = approximation

Material equation of heat conduction

K − Div H + Σ: Ė = ρ0u̇ in Ω0
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Interpretation of the first r.h.s. term is easy. What about the second one?



Rudolf J. E. Clausius 1822-1888

Why is the sky blue?



Conceptual example

-

Q̇

T1> T2

Ṡ1 = − Q̇
T1

Ṡ2 = +
Q̇

T2

Ṡ = Ṡ1 + Ṡ2 = Q̇

(
1

T2
− 1

T1

)
> 0

• Entropy of a closed system increases.

• Equal sign ‘=’ used in this definition.
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Example: Heat conduction in a slab

@
@
@
@
@

-

T1

T2

q̇

d

dt
S ≥ −

∫
St

h · n
T

dSt =
q̇

T1
− q̇

T2
< 0

d

dt
S = 0 ≥ q̇

(
1

T1
− 1

T2

)
⇒ q̇ ≥ 0

• CD inequality actually determines the heat vector direction.

• Admits non-physical solutions (necessary but not sufficient cnd.).



Dissipation inequality

Spatial description

−ρηṪ + σ:D− 1

T
h·gradT ≥ ρψ̇ in Ω

Material description

−ρ0ηṪ + Σ: Ė− 1

T
H·GradT ≥ ρ0ψ̇ in Ω0

ψ = u− Tη (the Helmholtz free energy)



Discussion of the second law

(optional)
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T
ρη̇ ≥ κ− divh

T

Integration over an arbitrary subdomain

d

dt
S ≥

∫
Vt

κ

T
dVt −

∫
St

h · n
T

dSt −
∫
Vt

h·gradT

T 2
dVt︸ ︷︷ ︸

additional term

Note that CPI is naturaly defined locally whereas CDI totally. How-
ever, while the local CPI has a clear physical meaning, the CDI’s flux
integral defies comprehension.
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(κ− divh) dVt

T
ρη̇ ≥ κ− divh

T

Integration over a closed system

d

dt
S ≥ −

∫
Ωt

h·gradT

T 2
dVt

Sufficient condition

h·gradT ≤ 0 (Fourier inequality)
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Discussion (Truesdell)

Clausius-Planck

ρη̇ ≥ κ− divh

T

Fourier

h·gradT

T 2
≤ 0

Clausius-Duhem

ρη̇ ≥ κ− divh

T
+

h·gradT

T 2



Recap

• Clausius-Duhem inequality (CDI) does not have direct physical
intepretation.

• CDI pitfalls: meaning of the entropy flux, integration over arbi-
trary volume.

• CDI determines the heat vector direction.

• CDI admits non-physical solutions.

• Employing Clausius-Planck inequality (CPI) is an option.

• If a model is independent of ∇T then CDI reduces to CPI.

• CPI + local Fourier inequality implies CDI.


