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|[F'| = orthonormal = |R|
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Stretching

Special case

[F| = sym+def = [U]
Principal axes
[U]sym — [U'] = [A] = diag[\1, A2, A3]  (principal stretches > 0)

Line segment

di{z'} = [F]diX"} = [U] d{ X} = [AJd{X"}
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[U]sym — [U'] = [A] = diag[\1, A2, A3]  (principal stretches > 0)

Line segment
d{z'} = [F"]d{ X"} = [U]d{X"} = [A]d{ X}
TSR (L)
dil]g = )\3 dXé
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Stretching

Special case

[F| = sym+def = [U]
Principal axes
[U]sym — [U'] = [A] = diag[\1, A2, A3]  (principal stretches > 0)

Line segment
d{z'} = [F"]d{ X"} = [U]d{X"} = [A]d{ X}
TSR (L)
dil]g = )\3 dXé

A > 1 tension

A < 1 compression

U

dVy

dVi
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Composition

Stretch and rotation

d{z,,} = [U]d{X} followed by d{z} = [R]d{x,,}
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Composition

Stretch and rotation
Az} =[U]d{X} followed by d{z} = [R|d{z,} = d{z}=[R|[U]d{X}

Hence

Multiplicative decomposition

F=FyFy_i-- -FoF;
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Composition

Stretch and rotation
Az} =[U]d{X} followed by d{z} = [R|d{z,} = d{z}=[R|[U]d{X}

Hence

Multiplicative decomposition
F=FyFy_i - -FF,
Rotation followed by stretch

F = RU = RUR'R
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Composition

Stretch and rotation
Az} =[U]d{X} followed by d{z} = [R|d{z,} = d{z}=[R|[U]d{X}

Hence

Multiplicative decomposition
F=FyFy_i - -FF,
Rotation followed by stretch

F = RU = RUR'R = VR (same principal stretches)
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Decomposition

If F = RU then F'F = U/'R'RU = UU =U? = U= VFIF sym+def
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Decomposition

If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1
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Decomposition

If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.
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Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.

Square root of a symmetric, positive definite matrix:

1. [C] = [F]'[F] sym-+def for any regular [F]  (Cauchy-Green metric tensor)
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Decomposition

If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.

Square root of a symmetric, positive definite matrix:
1. [C] = [F]'[F] sym-+def for any regular [F]  (Cauchy-Green metric tensor)

2. The eigenvalue problem: [Cl{¢i} = ur{vr} , wp >0
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If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.
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3. Let \y = /x>0, [A] =diag[ M A2 A3] = [A]® = diag| pu1 po pi3]
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Decomposition

If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.
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Decomposition

If F = RU then F'F = U'R'RU =UU =U? = U= VFTF sym+def
Set R = FU ! and verify RTR = U 'FTFU ' = U 1UU ! =1

... which proves existence of F = RU for any regular F.

Square root of a symmetric, positive definite matrix:
1. [C] = [F]'[F] sym-+def for any regular [F]  (Cauchy-Green metric tensor)
2. The eigenvalue problem: [Cl{vr} = we{vr} , e >0
3. Let \y = /x>0, [A] =diag[ M A2 A3] = [A]® = diag| pu1 po pi3]
4. Let [U] = [®][A][®] sym-+def

It follows that [U]2 = [®][A][®]7[®][A][@]” = [®][Al2[@]T = [C].
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Polar decomposition

Theorem

F=RU=VR uniquely

The right and left stretch tensors

U, V sym-+def, having the same principal stretches A\, > 0

Rotation tensor

R = proper orthogonal, that is, det|R| = +1
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Polar decomposition

Theorem

F=RU=VR uniquely

The right and left stretch tensors
U, V sym-+def, having the same principal stretches A\, > 0
Rotation tensor
R = proper orthogonal, that is, det|R| = +1

... verifies as

det |F| = det |R| det |U| = J > 0
+1 >0
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Two families of strain tensors

Grand scheme

T

R R

dVy

dVi,

Lagrange family
E = f(U) (e.g. Green-Lagrange)

Euler family
A = f(V) (e.g. Euler-Almansi)



Institute of Thermomechanics

Examples of Lagrangean tensors

Green-Lagrange

1 1 1
5= §(FTF o — 5(UTRTRU —1I) = §(U2 =

... illogical formula but easy computation.
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Examples of Lagrangean tensors

Green-Lagrange

1 1 1
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... illogical formula but easy computation.
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Examples of Lagrangean tensors

Green-Lagrange
1 1 1
e = 5(FTF ), — 5(UTRTRU —SE= §(U2 — 1)

... illogical formula but easy computation.

Small strain

1 1 1
z= §(z+zT) — 5(F+FT) == §(RU+URT) ~ 1
... depends on rotation but . ..

R—1: e~U-—1 (relative elongation)
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Examples of Lagrangean tensors

Green-Lagrange

1 1 1
5= 5(FTF o — 5(UTRTRU —1I) = §(U2 =

... illogical formula but easy computation.

Small strain

1 1 1
z= §(z+zT) — 5(F+FT) == §(RU+URT) ~ 1
... depends on rotation but . ..

R—1: e~U-—1 (relative elongation)

Biot
b=U-1 forany R
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Composed mappings

Composition of a mapping

’UOZCIR%R
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Composed mappings

Composition of a mapping

vox :R— R  ...means V(X) = v(z(X))
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Composition of a mapping
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SE]E
v(z) =sinz, z=X°> = v=sinX?
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sin X? = V(X) Zv(X) =sin X
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Institute of Thermomechanics

Composed mappings

Composition of a mapping
vox : R > R ...means V(X)=uv(z(X))

SE]E
v(z) =sinzx, r=X° = v=snX>

... master caution!

sin X? = V(X) Zv(X) =sin X but V(X) =wv(z) forall z = X?

Quiz
V(X,t) = V(X(x,t),t) = v(x,t)
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Velocity

Parametric derivative

d
velocity = pr x(Xy, t)
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Velocity

Parametric derivative

d
velocity = pr x(Xy, t)
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Velocity

Parametric derivative

d
velocity = pr x(Xy, t)
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Velocity

Parametric derivative q
velocity = — x(Xj, ¢
y=— (Xo, 1)

Definition

ox Ou

Parallel transport
V(X,t) = V(X(x,t),t) = v(x,t)
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Acceleration

Definition

A(X, 1) =

A%
ot

—>

a(x,t)
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Acceleration

Definition

Chain rule calculation

A
= —V

ot ot

(x(X,1),)

A(X, 1) =

A%
ot

—>

a(x,t)
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Acceleration

Definition

A(X, 1) =

A%
ot

—>

a(x,t)

Chain rule calculation

A
= —V

ot ot

(21(X, 1), 22(X, 1), 23(X, 1), 1)
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Acceleration

Definition

A(X, 1) =

A%
ot

—  a(x,t)

Chain rule calculation

A
= —V

ot ot

(21(X, 1), 22(X, 1), 23(X, 1), 1)
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Acceleration

Definition

A(X, 1) =

A%
ot

—  a(x,t)

Chain rule calculation

A
= —V

ot ot

(21(X, 1), 22(X, 1), 23(X, 1), 1)

ov
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Vi(X, 1)

Lo
ot
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Acceleration

Definition

A(X, 1) =

A%
ot

—>

a(x,t)

Chain rule calculation

A
= —V

ot ot

(x1(X, 1), 2o( X 1), x3(X, 1), 1) = a—xjvj(x, t)

ov

o
Ot
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Acceleration
Definition
A(X,t) = (‘9@_\; —  a(x,t)
Chain rule calculation
%—Y = %V(xl(X,t), 2o(X, 1), 23(X, 1), 1) = g—;vj(x, t) + g—: — a(x, t)

No L-field needed!



Institute of Thermomechanics

Acceleration

Definition

Chain rule calculation

A
= —V

ot ot

A(X,t) = (‘9@_\; —  a(x,t)
ov
(Il(X7 t)a x2(X7 t)a l’g(X, t)? t) = —Uj(Xa t) +
8:1:j
AN
ot " oz,
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Example 1: Domain mapping (1/2)

Mapping Inverse

r1 = X1+CLt2

42
Ty = X+ bXyt + ct? _ 2 cy

1+ 0t
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Example 1: Domain mapping (1/2)

Mapping Inverse
r1 = X1+ at? X = 11— at?
Ty = Xo+ bXot+ ct? e, o ct?
5 =

1+ 0t

Lagrange description
‘/1(X1,X2,t) = 2at
‘/2(X17X2,t) = bX2+26t
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Example 1: Domain mapping (1/2)

Mapping
ry = X1 i CL?f2
Ty = Xg+ bXot + ct?

Lagrange description

‘/i(X17 X27 t) = 2at

%(Xl, XQ, t) = bX2 + 2ct

Inverse

X1 = I —at2

k Tolatl
2 o
Euler description
’Ul(ZUl,ZUQ,t) Ealat
et
va(1, Tayt) = b—

1+ bt
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Example 1: Domain mapping (1/2)

Mapping Inverse
1 = X1+at2 X1 = CCl—CLtQ
TR TR X 1 + ct? Tolatl
Xy =
1+ bt
Lagrange description Euler description
Vi(X1, Xo,t) = 2at vi{@p@antl = 2at
Vo(X1, Xo,t) = bXy+ 2ct e -
N vo (X1 e = b
21, 72, 1+ bt

Numerical example: X; = X9 =0, t =3
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Example 1: Domain mapping (1/2)

Mapping Inverse
1 = X1+at2 X1 = CCl—CLtQ
TR TR X 1 + ct? Tolatl
X9 =
1+ 0t
Lagrange description Euler description
‘/1(07073) = 6a Ul(ﬂUl,ZUQ,t) s at
Vo(X1, Xo,t) = bXy+ 2ct sa(r ) — bxg—ct2
2\ 1y L2, ra 1+bt

Numerical example: X; = X9 =0, t =3
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Example 1: Domain mapping (1/2)

Mapping
ry = X1 i CL?f2
Ty = Xg+ bXot + ct?

Lagrange description
11(0,0,3) = 6a
15(0,0,3) = 6¢

Inverse

X1 = I —at2

k Tolatl
T
Euler description
’Ul(ZUl,ZUQ,t) Ealat
e -
vo( 1) = b
2(e1, 22, ) 1+ bt

Numerical example: X; = X9 =0, t =3

+ 2ct



Institute of Thermomechanics

Example 1: Domain mapping (1/2)

Mapping
1 =090

Ty = Xg+ bXot + ct?

Lagrange description
11(0,0,3) = 6a
15(0,0,3) = 6¢

Inverse

X1 = I —at2

k Tolatl
T
Euler description
’Ul(ZUl,ZUQ,t) Ealat
e -
vo( 1) = b
2(e1, 22, ) 1+ bt

Numerical example: X; = X9 =0, t =3

+ 2ct
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Example 1: Domain mapping (1/2)

Mapping

Lagrange description
11(0,0,3) = 6a
15(0,0,3) = 6¢

Inverse

X1 = I —at2

k Tolatl
T
Euler description
’Ul(ZUl,ZUQ,t) Ealat
e -
vo( 1) = b
2(e1, 22, ) 1+ bt

Numerical example: X; = X9 =0, t =3

+ 2ct
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Example 1: Domain mapping (1/2)

Mapping Inverse
i — 9a X = x; — at?
rs = 9c | Zgact?
T
Lagrange description Euler description
V1(0,0,3) = Ga v1(9a,9¢,3) = 2at
15(0,0,3) = 6¢ e’

v9(9a,9¢,3) = b

Numerical example: X; = X9 =0, t =3
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Example 1: Domain mapping (1/2)

Mapping

1 = 9

Lagrange description
11(0,0,3) = 6a
15(0,0,3) = 6¢

Inverse
X; = x; — at?
Tolatl
— I

Euler description

v1(9a,9¢,3) = 6a
e 1’

9a,9c,3) = b
’UQ(CL,C,> 1+3b

Numerical example: X; = X9 =0, t =3
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Example 1: Domain mapping (1/2)

Mapping

Lagrange description
11(0,0,3) = 6a
15(0,0,3) = 6¢

Inverse
X; = x; — at?
Tolatl
— I

Euler description
v1(9a,9¢,3) = 6a

v9(9a,9¢,3) = b

Numerical example: X; = X9 =0, t =3
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Example 1: Domain mapping (1/2)

Mapping Inverse

1 = 9a

9 = 9c

Lagrange description Euler description

11(0,0,3) = 6a v1(9a,9¢c,3) =
‘/2(07073) = Gc U2(9Q,9C,3) e

Numerical example: X; = Xo =0, t =3

6a
6c
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Example 1: Domain mapping (2/2)

%(Xl,XQ,t) =N
‘/Q(Xl,X2,t) = bX2+26t
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Example 1: Domain mapping (2/2)

Vi(Xl,XQ,t) =N Al(Xl,XQ,t) = 2o al(xl,xg,t)
‘/Q(Xl,X2,t) = bX2+26t AQ(Xl,XQ,t) = — ag(xl,xg,t)
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Example 1: Domain mapping (2/2)

stored result: A7 = a; = 2a, Ay = ay, = 2¢

Euler field
Ok, o, O 2at

Lo — ct?
vo(x1, To,t) = b e + 2¢t

1+ 0t
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Example 1: Domain mapping (2/2)

stored result: A7 = a; = 2a, Ay = ay, = 2¢

Euler field
t) = 2at (20,30, ) = 20 4 041
— ai(x1, x = v;
V(s t) a 1(Z1, Z2, Tz
vo(1, Ta,t) = - + 2ct ( t) Ouy | Ovy
» 2 as(x1, = v,
1+ bt 2\A41, L2, ot 8.17] J
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Example 1: Domain mapping (2/2)

stored result: A; = a1 = 2a (checks), Ay = ay = 2¢

Euler field
/ Sat ( t) 8’01 " (‘91}1 9
e ai\axri.axr = V: = ZQ
V(s T) a 1(Z1, Z2, Tz
» 2 as(T1, T = V;
L+ 0t A 5t O
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Example 1: Domain mapping (2/2)

stored result: A; = a1 = 2a (checks), Ay = ay = 2¢

Euler field
8’01 (91)1
Ul(xlax%t) = 2at a1($1,$2,t) - ot +ax,vj:2a
2 J
vo(T1, Ta,t) = bx2_0t + 2ct Ovy  Ovy
- i Ot az(@1, T2, t) = ot +8$.Uj
J
(%2 h
.
_|_
(%2

J
é?xj
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Example 1: Domain mapping (2/2)

stored result: A; = a1 = 2a (checks), Ay = ay = 2¢

Euler field
8’01 (91)1
Ul(whx%t) = Zat &1(351,5132,1}) - ot +(f9xvj = 2a
j
-2 ct” Ovy Ov
va(Z1,T2,t) = b I MACTS as (21, 00, t) = at2+3;vj
j
B b—20t(1 + bt) — (w9 — ct?)b .
ot (1 +bt)?
_|_
(9?)2

Oz
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Example 1: Domain mapping (2/2)

stored result: A; = a1 = 2a (checks), Ay = ay = 2¢

Euler field
8’01 (91)1
Ul(whx%t) = Zat &1(351,5132,1}) - ot +(f9xvj = 2a
j
- Ty — ct? Ovy Ov
Va1, 2,1) = b B o MACTS as(x1, B9, ) = at2+3;vj
j
B b—20t(1 + bt) — (w9 — ct?)b .
ot (14 bt)?
_|_
0y b Lo — CI°
—v; = — | b 2ct
Oz ! 1+bt< T T C)
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Example 1: Domain mapping (2/2)

stored result: A; = a1 = 2a (checks), Ay = ay = 2¢

5t

Euler field
Ov

Ul(whx%t) = 2at al(xl,x%t) ~ :

iy — Ct2 0
U?(xlax%t) =0 1 bt + 2ct a2<x17x27t) -z
dvy . b—20t(1 + bt) — (29 — ct?)b e )

ot (14 bt)?

i —

0y b Lo — CI
—y; = b 2ct
c‘hzjvj 1+bt< T C)

5l
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Example 1: Domain mapping (2/2)

stored result: A; = a; = 2a (checks), Ay = as = 2¢ (checks)

Euler field
vy Ov
Ul(wlax%t) = 2at al(xhx%t) - atl + axl,vj = 2a
j
-2 ct” Ovy Ov
vo(Z1,x9,t) = b I + 2ct as (21, 00, t) = at2 i a::,UJ' -
j
B b—20t(1 + bt) — (w3 — ct?)b . )
ot (14 bt)?
Sk —
0y b Lo — CI
—v; = b 2ct
Oz ! 1+bt< T C) )




