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Piola heat flux vector

Using the Nanson formula . ..

/ h-ndS; = / Jh-(FN)dS, = / JhF-" N; dS
AWY JAVH! ASy S>—~—

J

— | H;N;dS;= | H-NdS,
NSy AS;

Definition

H Sl F — JFthy = | H =




T

/\ S . / ///
| | ?\&
/
\ / _
% X
- _

Flow @o[(o\l/g Mmjfévl'ﬂ{ J@[M\Qg,

E =
C\\oose

= A
h = 3

L\Mft ’G(MX

(S

Consevved s



Institute of Thermomechanics

2nd Piola-Kirchhoff stress tensor (1/2)

Green-Lagrange strain
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2nd Piola-Kirchhoff stress tensor (1/2)
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2nd Piola-Kirchhoff stress tensor (1/2)

Green-Lagrange strain
ée=F'DF = D=FTeF!
Index notation

D@'J Fk €le_ sz GMF_

2

Power density in the reference configuration
|
JO'ID:JO'Z’jDijzi]FM O-ijF]l le S:é
Ski

Definition
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2nd Piola-Kirchhoff stress tensor (2/2)

Transformation of stress power
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2nd Piola-Kirchhoff stress tensor (2/2)

Transformation of stress power

/O':Dth:/ S:edV
Vi Vo

Remarks
eP=JoF ! = S=F'P (symmetrization)
e 1st-PK comes from stress equilibrium.

e 2nd-PK comes from stress power.
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Conjugate tensors

In general

E=LD) = VE3IX: Jo:D=XE

Definition

{¥,E} conjugate <= J:Dd%:/ > EdV
Vi Vo

Examples: {S,E}, {P,F} , {o,—}, {0, €} = approximation

Material equation of heat conduction

K —DivH + 3:E = pyu in
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5. Clausius-Duhem inequality
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Spatial description

Integral formulation
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Spatial description

Integral formulation

Local form

di hy 90 (h) 1 8hT haT _divh  h.gradT
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Spatial description

Integral formulation

Local form

di hy 90 (h) 1 8hT haT _divh  h.gradT
T | NN oL 9z, ) T T

Local CD inequality

— divh 1 .
e + hgrad T in €2

pn =
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Spatial description

Integral formulation

d
—S > / —dV; — — dSt
dt v, T s,
S B h
p77 = T v T

Ji hy J (h\ 1 (9hT h@T _divh  h.gradT
AT ) TN T2\ 0z, 9z, ) T T?

Local CD inequality

Local form

— divh 1 :
& Tlv +T2h-gradT in €

P 2

Interpretation of the first r.h.s. term is easy. What about the second one?
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Rudolf J. E. Clausius 1822-1888

Why is the sky blue?




Institute of Thermomechanics

Conceptual example

- Q
Q S1=—m
1> T5 SQ:+E

: . : ) 1
2 1

e Entropy of a closed system increases.

e Equal sign ‘=" used in this definition.
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Example: Heat conduction in a slab




Institute of Thermomechanics

Example: Heat conduction in a slab




Institute of Thermomechanics

Example: Heat conduction in a slab

d e
oo -
dt _q(T1 TQ)



Institute of Thermomechanics

Example: Heat conduction in a slab

d 1 1



Institute of Thermomechanics

Example: Heat conduction in a slab

d e
E S—0>gl———] 1o
dt _q(T1 TQ) =

e CD inequality actually determines the heat vector direction.

e Admits non-physical solutions (necessary but not sufficient cnd.).
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Dissipation inequality

Spatial description

—pnT'+o:D — ?h-gradT > py in

Material description

: | _ |
—pon1 + X:E — TH-GradT > po) in

Y =u—Tn (the Helmholtz free energy)
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Discussion of the second law
(optional)
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Clausius-Planck inequality
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Clausius-Planck inequality

(k — divh) dV;
dv; |- _ x—divh

T T

Integration over an arbitrary subdomain

d h- h-gradT
R fdv;—/ —ndSt—/ 2 e ¥
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Clausius-Planck inequality

(k — divh) dV;
dv; |- _ x—divh

T T

Integration over an arbitrary subdomain

d h- h-oradT’
dos fdv;—/—“dst—/ e,
dt A T S, ik IV T2 )

additional term

Note that CPI is naturaly defined locally whereas CDI totally. How-
ever, while the local CPIl has a clear physical meaning, the CDI's flux
integral defies comprehension.
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Clausius-Planck inequality

(k — divh) dV;
dv; |- _ x—divh

T T

Integration over the whole body

d K h-n h-gradT’
—S5 > —dV; — | ——dS5; — dV;
Ay T /Ft T /Qt iz 4
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Clausius-Planck inequality

(k — divh) dV;
dv; |- _ x—divh

T T

Integration over a closed system

d h-gradT’
—S > — dV4
dt” = /Qt T2
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Clausius-Planck inequality

(k — divh) dV;
dv; |- _ x—divh

T T

Integration over a closed system

d h-gradT’
—S > — dV4
dt” = /Qt T2

Sufficient condition

h-gradT < 0 | (Fourier inequality)
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Discussion (Truesdell)

Clausius-Planck Fourier

k — divh
i

h-gradT <0

pn =
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Discussion (Truesdell)

Clausius-Planck Fourier

k — divh h-gradT i

PN = N T2 =
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Discussion (Truesdell)

Clausius-Planck

k — divh
i

pn =

Fourier

h-gradT <0

Clausius-Duhem

pn =

T2

k —divh  h-gradT
+

T

T2
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Recap

e Clausius-Duhem inequality (CDI) does not have direct physical
intepretation.

e CDI pitfalls: meaning of the entropy flux, integration over arbi-
trary volume.

e CDI determines the heat vector direction.

e CDI admits non-physical solutions.

e Employing Clausius-Planck inequality (CPI) is an option.

e If a model is independent of VT then CDI reduces to CPI.
e CPl + local Fourier inequality implies CDI.



