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2. Conservation of momentum

Vt
St t = stress vector in N/m2s����:

b = body force in N/m3
sH
HHHj

Linear momentum definition

p(Vt) =

∫
Vt

ρv dVt = function(t)

dp

dt
=

∫
Vt

b dVt +

∫
St

t dSt



3. Conservation of angular momentum

Simple generalization

d

dt

∫
Vt

ρx× v dVt =

∫
Vt

x× b dVt +

∫
St

x× t dSt

• Caution: The cross product is carried out with respect to spatial
coordinates at the current configuration.



4. Conservation of energy (1/2)

Vt
St

n = unit outward normal
��
�*

h = heat flux in W/m2s����:

κ = heat source in W/m3s



4. Conservation of energy (1/2)

Vt
St

n = unit outward normal
��
�*

h = heat flux in W/m2s����:

κ = heat source in W/m3s

Heat power input

Q̇(Vt) =

∫
Vt

κ dVt −
∫
St

h · n dSt



4. Conservation of energy (1/2)

Vt
St

n = unit outward normal
��
�*

h = heat flux in W/m2s����:

κ = heat source in W/m3s

Heat power input

Q̇(Vt) =

∫
Vt

κ dVt −
∫
St

h · n dSt

Mechanical power input

Ẇ (Vt) =

∫
Vt

b · v dVt +

∫
St

t · v dSt
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4. Conservation of energy (2/2)

Specific internal energy

∃u : U(Vt) =

∫
Vt

ρu dVt

Kinetic energy

K(Vt) =
1

2

∫
Vt

ρ‖v‖2 dVt

Power conservation

Q̇ + Ẇ =
d

dt
(U + K)



5. Clausius-Duhem inequality

Specific entropy

∃ η : S(Vt) =

∫
Vt

ρη dVt

Heat form of CD inequality

d

dt
S ≥

∫
Vt

κ

T
dVt −

∫
St

h · n
T

dSt

Remark: extensive vs. intensive quantities.
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Jacobian interpretation

Densities

m(V0) =

∫
V0

ρ0 dV0 , m(Vt) =

∫
Vt

ρ dVt =

∫
V0

Jρ dV0

By the mass conservation law∫
V0

(ρ0 − Jρ)︸ ︷︷ ︸
0

dV0 = 0

Local form

Jρ = ρ0





General guidlines

• Write a conservation law in the integral (total) form.

• Integral denomination: all the integrals over the same domain.

• Remove integral signs to obtain differential (local) form.

• Check on whether the law indeed holds for an arbitrary subdomain.
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FEM

Mass matrix in a reference configuration

[M ] =

∫
V0

ρ0[N ]T [N ] dV0

Mass matrix in the current configuration

[Mt] =

∫
Vt

ρ[N ]T [N ] dVt =

∫
V0

Jρ︸︷︷︸
ρ0

[N ]T [N ] dV0 = [M ]

• The mass matrix remains invariant under deformation, small or large.
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Given a general field T = scalar, vector, tensor, . . .

T = φ(X, t) = ϕ(x, t)

Theorem
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Continuity equation (1/2)

The initial density is not a function of time . . .

ρ̇0 = (Jρ)· = J̇ρ + Jρ̇ = 0

Theorem (proved later)

J̇ = J divv

By insertion

(J divv)ρ + Jρ̇ = 0

Material derivative variant

ρ̇ + ρ divv = 0
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Continuity equation (2/2)

Using local derivative (
∂ρ

∂t

)
x

+ (grad ρ)v + ρ divv︸ ︷︷ ︸ = 0

Index notation
∂ρ

∂xj
vj + ρ

∂vj
xj

=
∂

∂xj
(ρvj)

Local derivative variant

(
∂ρ

∂t

)
x

+ div (ρv) = 0

Compare to (
∂ρ

∂t

)
X

+ ρ divv = 0
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Definition for a 3× 3 matrix
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∣∣∣∣∣∣
◦ F12 F13

• ◦ ◦
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Cofactor (1/2)

Definition for a 3× 3 matrix

F̄ij = (−1)i+jsubdet|Fij|

Examples

F̄21 = − det

∣∣∣∣ F12 F13

F32 F33

∣∣∣∣ , F̄22 = det

∣∣∣∣ F11 F13

F31 F33

∣∣∣∣ , F̄23 = − det

∣∣∣∣ F11 F12

F31 F32

∣∣∣∣
Row expansion

J = det |F | = F21F̄21 + F22F̄22 + F23F̄23

Important: no cofactor depends on either of F21, F22, F23.
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Ḟij = (JF−1ji )Ḟij = JḞijF
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Cofactor (2/2)

Differentiating
∂J

∂F21
= F̄21 ⇒

∂J

∂Fij
= F̄ij

Cramer’s rule

F−1ij =
1

J
F̄ji

Hence

∂J

∂Fij
= JF−1ji

Finally

J̇ =
∂J

∂Fij
Ḟij = (JF−1ji )Ḟij = JḞijF

−1
ji = JLii = J

∂vi
∂xi

= J divv


