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Lagrange description

Five conditions to meet:

1. Jp=py (checked)

@ DivP + B = pyii

3. 0 sym = PF' =FP’ (const. eqgns.)
@ K —DivH+ 3:E = pyu

5. —ponT + X E — ?H-GradT > potp  (const. eqns.)

Four equations to solve: wuq, ug, us, 1.
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Constitutive equations

Kinematics
u — z F,. J — U E

Constitutive equations satisfying 3. and 5.
history: 0 <7 <t

input (X, 7), T(X,7) and compute
e 3(X,t) — P, o
e HX,?) — h
o (X,t) — n,u

Remark: In general, functionals must be formed.
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Thermoelasticity

Assumption

N - .
J(E,T): o= 8E¢ E;; +a;€T
ij
Dissipation inequality

8¢ oL, - 1
,00< T) T + (Z — o Em) EU TH GradT > 0

Caution: Conjugate stress X respective to E leaves the CE on output.
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Fourier inequality

Reference configuration
H-GradT <0

It follows that

H = function(Grad T)

aT
R

0T Ox; oT
— JFF; ' h
9z, 0X; %5,_%, "o,
1k

— (=
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Fourier inequality

Reference configuration

It follows that

aT
R

— (=

H-GradT <0
H = function(Grad T)
0T Ox; or
= JFE,F;'h =
0z;0X; Lz, U o,

Ok

oT
8ask
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Fourier inequality

Reference configuration

H-GradT <0
It follows that
H = function(Grad T)
oT OT Oz, oT
: JE'h ) — JF,F71h = Jh
ax, ~ k)axj ax, Lk For, T ox,

Current configuration

Ok

h-gradT" < 0

oT
8ask

= Jh-grad T
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Fourier’s 'law’

Isotropy:
h grad T h = —)\gr&dT
A >0 [W/mK]
anisotropy:
T+ AT [A] (3 % 3) sym-+def

e In fact, Fourier's 'law’ is merely a linear model.
e It violates the causality principle (parabolic vs. hyperbolic equation).

e Good for small gradients or steady state solutions.
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Example 5: Uniaxial stress (1/4)

o i = A =1/l

T N A= 1/T0
A 0 N
lge ™K. O JM%A(—) = A
it o Ao

axial stretch

radial stretch
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Example 5: Uniaxial stress (1/4)

I A =1/ly axial stretch

A =1/1¢ radial stretch

e 0 2

A
. 1 JM%A(i) L i S
0

A Ay Vo

|
I
© @
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Example 5: Uniaxial stress (1/4)

I A =1/ly axial stretch

A =1 /ro radial stretch

0 0 2
0 JAAQ)\(£> A _tA4_ vV
0 Ay Ay W

-
I
= =g
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Example 5: Uniaxial stress (1/4)

I A =1/ly axial stretch

A =1 /ro radial stretch

O 2
A A V
] N ' (7“0> Ay LAy W
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Example 5: Uniaxial stress (1/4)
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Example 5: Uniaxial stress (1/4)

I A =1/ly axial stretch

- >
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Example 5: Uniaxial stress (1/4)

o 8 I A =1/ly axial stretch

- >

A =1 /ro radial stretch

J0. 0 )
[P0 0 i)\)\f)\(£> e,

i 10,8 o A bA W
o] = diagl=-00] r> [P] = JIol[FT T = Axdiag] — RIS ciagie sty
o| = diag A = J|0 = Ao 1ag 5\ = diag AO
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Universal solution

F = Aoy = AoPi1 = AApS1
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Example 5: Uniaxial stress (1/4)

o 8 I A =1/ly axial stretch

- >

A =1/1¢ radial stretch

J0. 0 )
[P0 0 i)\)\f)\(£> e,

i 10,8 o A bA W
o] = disg=- 00] > [P] = Jo][F] T = A:diag| ORI ding o)
o| = diag A = J|0 = Ao 1ag 5\ = diag AO

2nd-PK: [S] = [F][P] = diag[)\iAO 00]

Universal solution

F = Aoy = AgPi1 = 24051

Remark: 2nd-PK does not permit direct computation of stress resultants.
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Example 5: Uniaxial stress (2/4)

Constitutive assumption
Hooke: e — S

GL-tensor

)= S([FI7(F) — [1]) = 5ding] (¥ — 1) (32 —1) (32~ D)]

Uniaxial stress state .
511 = E€11 = §E()\2 = 1)

Stress resultant

1
F= 5EAOA(A2 — 1)
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Example 5: Uniaxial stress (3/4)

Small strain approximation, A — 1:
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Example 5: Uniaxial stress (3/4)

Small strain approximation, A — 1:

Taylor series

F(\) = 5@+F’(1)(>\ —1)+---
0
F(1) = d% BEAOA()\Q _ 1)] - %EAO(W -y = Ba
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Example 5: Uniaxial stress (3/4)

Small strain approximation, A — 1:

Taylor series

FO\) = F(1)+F'(1)(A = 1)+ - -
(A) = F(1)+F"(1)( ) +
0
ra) =L Tpappi—n| = lmae TR — Gl
_d)\ 2 ; )\:1_2 ’ )\:1_ i
Hence
o

F~FEAy)X—1)=FEAg (checks)

0
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Example 5: Uniaxial stress (4/4)

Snap-through effect

linear
solution

l >

~1 o | A
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Example 5: Uniaxial stress (4/4)

Snap-through effect

F \
HnFa(
solution
é —(.58
- 7] .
J <0 f J
(A <0) ) . (A <0)
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Example 5: Uniaxial stress (4/4)

Snap-through effect

Fi
linear
@ —uss solution
W S L
(‘128) el (ixig)



