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1. Conservation of mass

Choose arbitrary volume

%CQO — WCQt
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1. Conservation of mass

Choose arbitrary volume

%CQO — WCQt

Same particles, same mass . ..
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2. Conservation of momentum

St t = stress vector in N/m”

b = body force in N/m’
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2. Conservation of momentum

St t = stress vector in N/m”

b = body force in N/m’

Linear momentum definition

p(Vi) = / pv dV; = function(?)
Vi

dp
=~ — [ bd td
dt /V Vi ¥ /St Si
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3. Conservation of angular momentum

Simple generalization

d
- ,OXXVd‘/t:/

Xde%‘f‘/XXtdSt

St

e Caution: The cross product is carried out with respect to spatial
coordinates at the current configuration.
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4. Conservation of energy (1/2)

1 = unit outward normal

St h = heat flux in W/m”

: 3
xk = heat source in W/m
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4. Conservation of energy (1/2)

1 = unit outward normal

St h = heat flux in W/m”

: 3
xk = heat source in W/m

Heat power input

Q(vze):/mdvt—/ h-nds,
Vi St

Mechanical power input

W(Vt):/vb-vd%Jr/St-vdSt
t t
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4. Conservation of energy (2/2)

Specific internal energy

Ju : U(V}) :/ pu dV;
Vi
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4. Conservation of energy (2/2)

Specific internal energy
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4. Conservation of energy (2/2)

Specific internal energy
Ju : U(V}) :/ pu dV;
Vi

Kinetic energy
1
K(W) =3 [ plvIPav
Vi

Power conservation

. d
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5. Clausius-Duhem inequality

Specific entropy
HWIS(W)Z/pnth
Vi

Heat form of CD inequality

d

—S > — dV; —dS
T /Vt i % t

Remark: extensive vs. intensive quantities.
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1. Conservation of mass
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Jacobian interpretation

Density
m(Vo) = / podVp
Vo
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Jacobian interpretation

Densities

m(VO)I/VPode m<vt>=/vpdv;
0 t
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By the mass conservation law
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Vo
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Jacobian interpretation

Densities

m(Vo)=/ podVy, m(%)zfpdwzf JpdV,
Vo Vi Vo

By the mass conservation law

oo —Jp) dVo =0
/VO(OO ) Vs

Local form

Jp = po
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General guidlines

e Write a conservation law in the integral (total) form.
e Integral denomination: all the integrals over the same domain.
e Remove integral signs to obtain differential (local) form.

e Check on whether the law indeed holds for an arbitrary subdomain.
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FEM

Mass matrix in a reference configuration

M= [ iV 0%
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FEM

Mass matrix in a reference configuration

M= [ iV 0%

Mass matrix in the current configuration

M) = | NN 0V
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FEM

Mass matrix in a reference configuration

M= [ iV 0%

Mass matrix in the current configuration

M) = | ANTINIQV; = | JNTTIN] G
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FEM

Mass matrix in a reference configuration

M= [ iV 0%

Mass matrix in the current configuration

M) = | ANTINIVi= | Jp (NITIN) €V = [M]
! Yo g

e The mass matrix remains invariant under deformation, small or large.
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

T = Qb(X? t) = @(Xa t)
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

Theorem

T = Qb(X» t) = @(Xa t)

d .
—/pwa:/pwa
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...
T = (X, t) = p(x, 1)

Theorem

d .
—/pwa:/pwa

Proof

d
. TdV, =
dt th t
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...
T = (X, t) = p(x, 1)

Theorem

d .
—/pwa:/pwa

Proof

d
- £)dV, =
= Vtw(&) f
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...
T = (X, t) = p(x, 1)

Theorem

d .
—/pwa:/pwa

Proof

d d
e DAV, = — | Joo(X.t)dV;
= thw(x,) = S pd(X, 1) dVp
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

T = ¢(X,t) = p(x,1)

Theorem
d .
5 [oravi= [ pray
dit v v
Proof
d d d

L, dt Jy, dt Jy,



Institute of Thermomechanics

Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

T = Qb(X» t) = @(Xa t)

Theorem

d ;

5 [oravi= [ pray
Proof
d d d o)
— t)dV, = — Jpo( X, t)dVy = — R dVp = — dV,
it ) peee v =5 [ JpoX V=5 | o )avo= | pogavs
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

T = Qb(X» t) = @(Xa t)

Theorem

d ;

5 [oravi= [ pray
Proof
d d d o)
— t)dV, = — Jpo( X, t)dVy = — R dVp = — dV,
it ) peee v =5 [ JpoX V=5 | o )avo= | pogavs

= / poT dVj
Vo
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Reynolds’ transport theorem

Given a general field T' = scalar, vector, tensor, ...

T = Qb(X» t) = @(Xa t)

Theorem

d .

5 [oravi= [ pray
Proof
i (x,t)dV, g Jpo(X, t)dV i o(X, t)dV /
T X _ . J— =
dt prgp ; t dt " 1Y 3 0 dt VOIOO ; 0

:/ PonVo:/ JpTdvozprdw
Vo Vo Vi

Vo

Po

9¢
gt Vo
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Continuity equation (1/2)

The initial density is not a function of time ...

P (Jp) = Jp+Jp=0
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Continuity equation (1/2)

The initial density is not a function of time ...
P (Jp) = Jp+Jp=0

Theorem (proved later)

J = Jdivv

By insertion
(Jdivv)p+Jp=0
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Continuity equation (1/2)

The initial density is not a function of time ...
P (Jp) = Jp+Jp=0

Theorem (proved later)

J = Jdivv

By insertion
(Jdivv)p+Jp=0

Material derivative variant

p+ pdivv =0
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Continuity equation (2/2)

Using local derivative

0
(a—§> + (grad p)v + pdivv =0
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Continuity equation (2/2)

Using local derivative
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Continuity equation (2/2)

Using local derivative

0
(a—§> + (grad p)v + pdivv =0

Index notation p p p
9. Oy .
833 Uj . p 813 (pvj)

j Lj
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Continuity equation (2/2)

Using local derivative

0
(a—§> + (grad p)v + pdivv =0

Index notation p p p
9. Oy .
833 Uj . p 813 (pvj)

j Lj

Local derivative variant
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Continuity equation (2/2)

Using local derivative

0
((‘75) + &grad PV + pdivv =0

Index notation p p p
9. Oy .
833 Uj . p 813 (pvj)

j Lj

Local derivative variant

Compare to

<%>X + pdivv =0
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Cofactor (1/2)

Definition for a 3 X 3 matrix

Fij = (—1)i+~jsubdet\ﬂj\
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Cofactor (1/2)

Definition for a 3 X 3 matrix
Fij = (—1)i+~jsubdet\FZ~j\

SE]E
o P9 Fi3
subdet\Fgl\ = o
o P39 F33
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Cofactor (1/2)

Definition for a 3 X 3 matrix
Fij = (—1)i+jsubdet\FZ~j\
Examples

Fio Fi3
F39 F33

Fiy Fi3
F31 F33

Fll F12

F21 = — det F31 F32

- FQQ = det ; Fgg = —det
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Cofactor (1/2)

Definition for a 3 X 3 matrix
Fij = (—1)i+jsubdet\FZ~j\
Examples

Fio Fi3
F39 F33

Fiy Fi3
F31 F33

Fll F12

F21 = — det F31 F32

- FQQ = det ; Fgg = —det

Row expansion
J =det |F| = F1Fo1 + FooFos + FogFis
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Cofactor (1/2)

Definition for a 3 X 3 matrix
Fij = (—1)i+jSUbdet‘Ej‘
Examples

Fio Fi3
F39 F33

Fiy Fi3
F31 F33

Fll F12

F21 = — det F31 F32

- FQQ = det ; Fgg = —det

Row expansion
J =det |F| = F1Fo1 + FooFos + FogFis

Important: no cofactor depends on either of Fyy, [y, Fhs.
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Cofactor (2/2)

Differentiating
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Cofactor (2/2)

Differentiating

Cramer’s rule
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Cofactor (2/2)

Differentiating

Cramer’s rule

Hence

4 oJ
=7
21 BF;;
1 -
g
by~ = ki
O

Je
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Cofactor (2/2)

Differentiating

0Fy

Cramer’s rule

Hence

Finally

R
— " F.

- oJ
E
21 OF;;
1 =
.
by~ = ki
0J
— Ffl
oF; L
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Cofactor (2/2)

Differentiating

0Fy

Cramer’s rule

Hence

Finally

0J . :
= Fi = (JF; ') Fy

= 0J
F =
21 F,
1.
.
by~ = ki
0J
T |
oF; L
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Cofactor (2/2)

Differentiating

oY, _ o0J _
i = T
0Fy % OF}; .
Cramer’s rule 1
. =
by~ = ki
Hence
0J
T |
8y 7% - Jt
Finally
Sl . .
J=ao-Fj = (JF; ) By = JE;F
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Cofactor (2/2)

Differentiating

oY, i o0J _
i = T
groy oF,;
Cramer’s rule 1
. =
by~ = ki
Hence
0J
T |
8y 7% < Z
Finally
8J . - o
y, — Ej - (‘]Eyz )E] - JEijz = JLj
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Cofactor (2/2)

Differentiating

Cramer’s rule

Hence

Finally
0J

— (JESEli P — T L,

09, d 0J _
_F —
0Fy % OF}; .

1 _

i .
by~ = ki
0J

T |

oF, i
(%i

3%



Institute of Thermomechanics

Cofactor (2/2)

Differentiating

0Y. A 0J _
i = T
0Fy % OF}; .
Cramer’s rule 1
. =
by~ = ki
Hence
0J
T |
8y 7% < Z
Finally
G e N Ov; .
7 aTijFij — (JE N [~ = JL; = J@xi = Jdivv



