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Spatial description

In the current configuration . ..

b
—p:/bdw+/td5t

1 = unit outward normal

St t = stress vector in N/m”

b = body force in N/m”



Institute of Thermomechanics

Spatial description

In the current configuration . ..

d
_p:/demL/tdSt
dt ‘/t St

1 = unit outward normal

St t = stress vector in N/m”

b = body force in N/m”

By the Reynolds theorem . ..

d
> pvd‘é:/de‘é:/path
dt Jy, e 7
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Cauchy stress

The Cauchy theorem

doin () :t=0on

e The stress tensor is defined in §2; independent of the choice of S;(V}).
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Cauchy stress

The Cauchy theorem

doin () :t=0on

e The stress tensor is defined in §2; independent of the choice of S;(V}).
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Cauchy stress

The Cauchy theorem

doin () :t=0on

e The stress tensor is defined in §2; independent of the choice of S;(V}).

00
tZdS :/O'ans :/ ”dV
/St t St = Vi 6xj t

Definition of the spatial divergence operation

(90'@'

Ox;

divo =
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Spatial equations of motion

Putting everything together . ..

/pad\/}:/bd‘/fr/divad‘/}
Vi Vi Vi
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Spatial equations of motion

Putting everything together . ..

/pad\/}:/bd‘/fr/divad‘/}
Vi Vi Vi

It holds for every V}, therefore

dive + b = pa in () =Q
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Spatial equations of motion

Putting everything together . ..

/pad\/}:/bd‘/fk/divad‘/}
Vi Vi Vi

It holds for every V}, therefore

dive + b = pa in () =Q

From the conservation of angular momentum it follows that o is symmetric.
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Example 5: Uniaxial stress

F F A = current crossection

[ = current length

true stress (Cauchy)

nominal stress (1st Piola-Kirchhoff)
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Example 5: Uniaxial stress

F F A = current crossection

[ = current length

true stress (Cauchy)

nominal stress (1st Piola-Kirchhoff)

ldea: for ASy C Sy — AS; C S} set the nominal stress vector T such that

/ 0 / TS,
AS; ASo
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Transformation of inertial terms

Momentum

d
—p:/padm:/ JpadV,
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Transformation of inertial terms

Momentum

e

= padV:/ Jp adVj
e Lo
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Transformation of inertial terms

Momentum

dp / /
— e dV; = Jp adV():/ poa dVj
dt V% ‘ VO\IOE)./ VO
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Transformation of inertial terms

Momentum
L /adV /JpadV /padV
s P = 0= 0 0
dt Vi : W X Vo

P0
Body force

bd‘/}:/ Jb dng/BdVO
/Vt Y B Vo
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Transformation of inertial terms

Momentum
n /adV /JpadV /padV
P 0= 0 0
dt Vi ‘Y Vo Vo
PO
Body force

/bd% / Jb W= /BdVg
Vi Vo Yo

Body force in the reference configuration

B=Jb
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Material equations of motion

/poad%—/Bd%+/TdSQ
Vo Vo So
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Material equations of motion

/poad%—/Bd%+/TdSQ
Vo Vo So

By the Cauchy theorem
dP in () : T = PN

where N is the unit outward normal respective to 5.
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Material equations of motion

/poad%—/Bd%+/TdSQ
Vo Vo So

By the Cauchy theorem

dP in () : T = PN

where N is the unit outward normal respective to 5.

Therefore

DiVP+B:,00a

In Q()
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X, 1) = p(x,1)
It holds

/ TndsS; = / JTF 1N dS,
AS; AS)
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X, 1) = p(x,1)
It holds

/ TndsS; = / JTF 1N dS,
AS; AS)

Tentative proof for a closed surface

/ on; dS; =
St
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X, 1) = p(x,1)
It holds

/ TndS, = / JTF TN dS,
AS; AS)

Tentative proof for a closed surface

dp
on; dS :/ —dV;
/St . Vtaxj :
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X, 1) = p(x,1)
It holds

/ TndS, = / JTF TN dS,
AS; AS)

Tentative proof for a closed surface

D 0¢ 00Xy
s, = | Lay= | g2
/St% S /Vtaxj Vi /VO Tox, Oz Yo
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X, 1) = p(x,1)
It holds

/ TndS, = / JTF TN dS,
AS; AS)

Tentative proof for a closed surface

s, = | —dvi= [ J " Sl 1V
/St@n] t /Vtaxj t /Vo 0X, (%J- 0 /Vo 9X; o 0
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X7 t) . @(Xa t)
It holds

/ TndS, = / JTF TN dS,
AS; JAVH!

Tentative proof for a closed surface

Oy 09 Xy 00 9

a5, = [ 22 [ S [ 07
/St@n] Si /Vt@xj Vi /Vo J@Xk Oz Yo /Vo J@Xk kj Vo
y, D

vy OXr

JoF:h) v

Gabrio Piola (1794-1850): Piola identity (underlined), Piola transformation
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Nanson’s formula

Given a general field T' = scalar, vector, tensor, ...
T = ¢(X7 t) . @(Xa t)
It holds

/ TndS, = / JTF TN dS,
AS; JAVH!

Tentative proof for a closed surface

Oy 09 Xy 00 9

a5, = [ 22 [ S [ 07
/St@n] Si /Vt@xj Vi /Vo J@Xk Oz Yo /Vo J@Xk kj Vo
y, D

vy OXr

JoF:") dVy = / JQF ;' Ny dSg

So

Gabrio Piola (1794-1850): Piola identity (underlined), Piola transformation
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1st Piola-Kirchhoff stress tensor

Component notation

/ ti dSt =
ASy
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1st Piola-Kirchhoff stress tensor

Component notation

/ ti dSt = / 01 dSt
ASy AS;
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1st Piola-Kirchhoff stress tensor

Component notation

/ ti dSt = / 01 dSt = / JU@ij_lek dSo
ASy ASy ASy



Institute of Thermomechanics

1st Piola-Kirchhoff stress tensor

Component notation

/ ti dSt = / 01 dSt = / JU@ij_jl Nk dS()
ASy ASy ASOT
1k
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1st Piola-Kirchhoff stress tensor

Component notation

/ ti dSt = / 01 dSt = / JU@ij_jl Nk dS() = / sz;Nk dS()
ASt ASf ASO?H ASO
1k
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1st Piola-Kirchhoff stress tensor

Component notation

tidSt:/ ai-n-dSt:/ JU@'F_'l deS():/ sz;Nk dS()
/ASt AS; Y ASO% ASO\?Z{-/
ik !
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1st Piola-Kirchhoff stress tensor

Component notation

tidSt:/ ai-n-dSt:/ JU@'F_'l Nk;dSo:/ szNk dS()
/ASt AS; Y ASO% ASO\?Z{-/
ik !

Definition

B = JaijFl;jl = P=JoF ! nonsymmetric
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1st Piola-Kirchhoff stress tensor

Component notation

tidSt:/ ai-n-dSt:/ JU@'F_'l Nk;dSo:/ szNk dS()
/ASt AS; Y ASO% ASO\?Z{-/
ik !

Definitions

B = JaijFl;jl = P=JoF ! nonsymmetric

y I = T =PN
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1st Piola-Kirchhoff stress tensor

Component notation

tidSt:/ ai-n-dSt:/ JU@'F_'l Nk;dSo:/ szNk dS()
/ASt AS; Y ASO% ASO\?Z{-/
ik !

Definitions

B = JaijFl;jl = P=JoF ! nonsymmetric

y I = T =PN

e Note that the Cauchy relation was derived by transformation.
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4. Conservation of energy

™ A
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Kinetic energy

Owing to Reynold's theorem . ..

d ,
=K = dw/ plIvI? Ve
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Kinetic energy

Owing to Reynold's theorem . ..

d i1 1
— K = 24V, = -v) dV;
= dw/pHVH } = 2/th(v v) dV;
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Kinetic energy

Owing to Reynold's theorem . ..

d d1 1 1
—K = 2V, = v) dV; = = v - -v)dV,
5 = ), A= [ v avi=g [ v vy
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Kinetic energy

Owing to Reynold's theorem . ..

d d1 1 1
—K = 2V, = v) dV; = = v - -v)dV,
5 = ), A= [ v avi=g [ v vy

—/p\'f—Vth
V;
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Kinetic energy

Owing to Reynold's theorem . ..

d d1 1 1
—K = 2V, = v) dV; = = v - -v)dV,
5 = ), A= [ v avi=g [ v vy

—/p\'f—Vth—/panVt
Vi Vi
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Kinetic energy

Owing to Reynold's theorem . ..

d d1 1 1
—K = 2dV, = v) dV; == v - -v)dV,
5 = ), A= [ v avi=g [ v vy

_/p\'f-Vth—/panVt
Vi Vi

Thus, we have

|
—K = pav dV,
dt v 4
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Mechanical power (1/2)

Definition

W:/b-vthJr/t-vdSt
Vi St
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Mechanical power (1/2)

Definition

W:/b-vthJr/t-vdSt
Vi St
Surface integral

/ t- VdSt = / tﬂ)z'dst
St St
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Mechanical power (1/2)

Definition

W:/b-vthJr/t-vdSt
Vi St
Surface integral

/ t- VdSt = / tﬂ)z' dSt = / 0N ;U; dSt
Sy Sy S ‘
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Mechanical power (1/2)

Definition

W:/b-vthJr/t-vdSt
Vi St

Surface integral

0

/ t- VdSt = / tﬂ)@' dSt — / O'Z'j’n,j’l)i dSt — —(Uijvi) d‘/t
A S S v; 07;
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Mechanical power (1/2)

Definition

i - b-vthJr/t-VdSt
Vi St

Surface integral

0
/ t-vdsS; :/ t;v; dS; :/ oiin;v; dS; = | ——(oiv;) dVy
St St St

Vi 0

801 (%@-
ZdV i— dV;
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Mechanical power (1/2)

Definition

i - b-vthJr/t-VdSt
Vi St

Surface integral

0
/ t-vdsS; :/ t;v; dS; :/ oiin;v; dS; = | ——(oiv;) dVy
St St St

Vi 0

- U]vith—i—/ UUav dV; = /V-dwad‘/} /UWL@] dVi

L j
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Mechanical power (1/2)

Definition
W = b-vthJr/ t-vdS;
Vi St
Surface integral

0
/ t-vdS; = / tiv; dS; = / oiin;v; dS; = | ——(oiv;) dVy
St St St Vi ax]

- U]vith—i—/ UUav dV; = /V-dwad‘/} /UWL@] dVi

L
Inserting . ..

W: <b+diVO>'Vd%+/ UijLijd‘/zf
Vi Vi



Institute of Thermomechanics

Mechanical power (1/2)

Definition
W = b-vthJr/ t-vdS;
Vi St
Surface integral

0
/ t-vdS; = / tiv; dS; = / oiin;v; dS; = | ——(oiv;) dVy
St St St Vi ax]

- U]vith—i—/ UUav dV; = /V-dwad‘/} /UWL@] dVi

L
Inserting . ..

W: (b+diV0’) 'Vd‘/;—l—/ O-ijLijdV;f
7 A 1 Vi
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Mechanical power (1/2)

Definition
W = b-vthJr/ t-vdS;
Vi St
Surface integral

0
/ t-vdS; = / tiv; dS; = / oiin;v; dS; = | ——(oiv;) dVy
St St St Vi ax]

- U]vith—i—/ UUav dV; = /V-dwad‘/} /UWL@] dVi

L j

Inserting . ..

: d
W = &b S le O'l'V d% A / UijLij d‘/% = EtK — / UijLij d‘/;g
Vi 55 Vi Vi
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Mechanical power (2/2)

Additive decomposition

oiLi; = O'ij(Dij + Vvij) = 0i;D;;
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Mechanical power (2/2)

Additive decomposition
0ijLij = 0ij(Dij + Wi;) = 01Dy

Proof
UijWL'j = aﬂWij = — Ujini = O
~—— ~——

number number
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Mechanical power (2/2)

Additive decomposition

oiLi; = O'Z‘j(Dij + M/z’j) = 0i;D;;

Proof
UijWL'j = aﬂWij = — Ujini = O
~—— ~——
number number

Component definition of the inner product: 0;;D;; = o:D
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Mechanical power (2/2)

Additive decomposition

oiLi; = O'Z‘j(Dij + M/z’j) = 0i;D;;

Proof
Uz’j‘/vij = O'jiI/VZ'j = — Ujini = O
~—— ~——
number number

Component definition of the inner product: 0;;D;; = o:D

: d
Wz—K—i—/ o:DdV,
d¢ v




Institute of Thermomechanics

Mechanical power (2/2)

Additive decomposition

O I — O'Z'j(Dij + M/@'j) — or

Proof
O'ij‘/Vij = O'jZ'I/VZ'j = — O'jZ'WjZ' =
N—— N———
number number

Component definition of the inner product: o0;;D;; = o:D

. d
W:—K—F/O':det
T

Att=0: o:D =0:é=0,; (smallstrain approximation)
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Spatial equation of heat conduction

Thus, even for fast loadings . ..

~ d
DAV, = —
Q+/Vta Vi dtU
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Spatial equation of heat conduction

Thus, even for fast loadings . ..

: d
Q+/ oDdV,=—=U
Vi

dt
Q:/ﬁ;th—/h-ndSt
Vi St
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Spatial equation of heat conduction

Thus, even for fast loadings . ..

d

' DAV, = —
Q+/Vta Vi dtU

Q:/ﬁ;th—/h-ndSt:/(/-s—divh)th
Vi St Vi
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Spatial equation of heat conduction

Thus, even for fast loadings . ..

d

' DAV, = —
Q+/Vta Vi dtU

Q:/ﬁ;th—/h-ndSt:/(/-s—divh)th
Vi St Vi

d d

L — dV; = 1d
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Spatial equation of heat conduction

Thus, even for fast loadings . ..

~ d
DAV, = —
Q+/Vta Vi dtU

@= [ navi= [ bomas, = [ (e dvh)ay
Vi St Vi

d d

= — dV; = 1d

Heat conduction with a thermomechanical coupling term

k—divh +o:D = pu in €, =0




