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3D Elasticity

Free energy existence

∃ψ(εij) ⇒ σij =
∂ψ

∂εij

Tangent stiffness

dσij =
∂σij
∂εkl

dεkl =
∂2ψ

∂εij∂εkl
dεkl

4th order tensor

Cijkl =
∂2ψ

∂εij∂εkl
(Hessian)
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1. Minor symmetry

σ, ε sym. i←→ j , k ←→ l︸ ︷︷ ︸
6× 6 = 36

2. Major symmetry

Cijkl = Cklij , ij ←→ kl , 21 coefficients

(example: FE stiffness matrix)

3. Material symmetry

isotropy group (E,ν)
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Polar decomposition (1/2)

Let [U ] be 3× 3 real symmetric matrix. Form the associated eigenproblem

[U ]{ϕk} = λk{ϕk} , for k = 1, 2, 3

Property: λk ∈ R, {ϕk} ∈ R3

Orthonormal system

{ϕi}T{ϕj} =


1, i = j

0, i 6= j

 = δij (Kronecker)
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Polar decomposition (2/2)

Modal matrix: [Φ] = [{ϕ1} {ϕ2} {ϕ3}], [Φ]T [Φ] = [I ] (orthonormal)

Spectral matrix: [Λ] =

 λ1 0 0

0 λ2 0

0 0 λ3

 = diag [λ1 λ2 λ3]

Block multiplication

[U ][Φ] = [[U ]{ϕ1} [U ]{ϕ2} [U ]{ϕ3}] = [λ1{ϕ1}λ2{ϕ2}λ3{ϕ3}] = [Φ][Λ]

[U ] = [Φ][Λ][Φ]T

Theorem: [U ] sym+def ⇐⇒ λk > 0
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Note on quadratic forms

Example: energy of a linear system

P2(x1, x2, · · · , xn) = Uijxixj = {x}T [U ]{x}

Matrix symmetry

Uijxixj = · · ·U12x1x2 + U21x2x1 · · · = · · · (U12 + U21)x1x2 · · ·

Convexity

∀{x} 6= {0} : {x}T [U ]{x} > 0

We say [U ] is symmetric, positive definite (sym+def).
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Transformation matrix

[A] =

 {ϕ1}T
{ϕ2}T
{ϕ3}T

 = [Φ]T

2nd order tensor

[ ε′ ] = [A][ε][A]T = [Φ]T [ε][Φ] = [Φ]T [Φ][Λ][Φ]T︸ ︷︷ ︸
[ε]

[Φ] = [Λ] = diag[λ1 λ2 λ3]

[ ε′ ] = diag [ ε1 ε2 ε3 ]
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Invariants

Invariant function

I = f (εij) = f (ε′ij) = scalar

Examples

• trace tr (ε) = ε11 + ε22 + ε33 = εii = ε′jj

• principal values ε1, ε2, ε3

• principal invariants I1, I2, I3

Power invariants

În =
1

n
tr (εn)
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∂Î1

∂Î1
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∂Î2

∂Î2
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∂Î2
∂εij

+
∂ψ

∂Î3
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∂Î1
∂εij

=
∂

∂εij
(εkk) = δikδjk = δij

∂Î2
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∂Î3
∂εij

Derivatives

∂Î1
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Isotropic material

Free energy

ψ(εij) = ψ(Î1, Î2, Î3)

Chain rule

σij =
∂ψ

∂Î1

∂Î1
∂εij

+
∂ψ

∂Î2

∂Î2
∂εij

+
∂ψ

∂Î3

∂Î3
∂εij

Derivatives

∂Î1
∂εij

=
∂

∂εij
(εkk) = δikδjk = δij

∂Î2
∂εij

=
∂

∂εij

1

2
(εklεlk) =

1

2
(δikδjlεlk + εklδilδjk) =

1

2
(εji + εji) = εij

∂Î3
∂εij

=
∂

∂εij

1

3
(εpqεqrεrp) = εikεkj
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General isotropic elasticity

Index notation

σij =
∂ψ

∂Î1
δij +

∂ψ

∂Î2
εij +

∂ψ

∂Î3
εikεkj

Direct notation

σ =
∂ψ

∂Î1
I +

∂ψ

∂Î2
ε +

∂ψ

∂Î3
ε2

Remark: Cayley-Hamilton theorem
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∂Î3
ε2

∂ψ

∂Î3
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∂Î2
ε +

∂ψ

∂Î3
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Linear isotropic elasticity

σ =
∂ψ

∂Î1
I +

∂ψ

∂Î2
ε +

∂ψ

∂Î3
ε2

∂ψ

∂Î3
= 0 ⇒ ψ(Î1, Î2)

∂ψ

∂Î2
= 2µ

∂ψ

∂Î1
= λÎ1 = λ tr (ε)


⇒

σ = λ tr (ε)I + 2µε (Hooke’s law)

λ, µ = Lamé

convexity: E,K,G > 0, ν ∈ (−1, 0.5)


