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Material derivative (1/4)

Given a general field T = scalar, vector, tensor, ...

T =o(X,1) = o(x,1
subject to X > x. ¢X,1) = olx,?)

Identical functions

o(X,t) = p(x(X,t),1), (that is ¢ = pox)

B(X(x,8),8) = p(x,1),  (thatis p = $X)
Definition
. 0
T = 5 (X, 1)
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Material derivative (2/4)

|dentity
o(X, 1) = p(x(X,1),1)
Chain rule calculation

0

0 _ Opdz; Oy
g; (X, 8) = o w(x(X,1), 1)

~ Bz, 0t ot
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Material derivative (2/4)

|dentity

Chain rule calculation

Euler representation
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Material derivative (3/4)

Material derivative: % = 8_T —T
ot i/

0 T
Local derivative: a—f = (%—tl

0
Convective derivative: —¢vj — (grad T)v, gradT: R® — RY
5

...wWhere N is the order of T.

Euler (spatial) representation

: 0T
T = (E)x + (grad T)v

Notation: a=v =1
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Flow in a channel with two thermometers
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Material derivative (4/4)

Flow in a channel with two thermometers

f

A W

fixed floater
dT’ dT: :
Ttl (local) Tj = T, (material)

Isochoric process: ¢ = ¢T' (to be proved later); insulation = 7" = 0.
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Velocity gradient (1/2)

Component definition

6??)2»
0:6]- 7

Lij = L = gradv
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Velocity gradient (1/2)

Component definition

Acceleration

Important relation

Proof _
(%i 81}1- an (9:13@

(933]- . an 0:1:]- _ an

5, = e
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Differential

Additive decomposition

L]

d{v} = [L]d{z}
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Velocity gradient (2/2)

Differential

d{v} = [L]d{z}

Additive decomposition

([L] = [L]")

7

2

=

1) = (121 + (21 + 5

[D] sym (W] skew sym

Note
(W]{x} L {x} for V{z}

Proof:  {a}'[Wl{z} = (Wl{z}){z} = {«}"W]"{z} = —{«} [WN{z}
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Velocity gradient (2/2)

Differential

d{v} = [L]d{z}

Additive decomposition

2] = (121 + (2 + 5( (2] — ()

) - 7

~N~ ~N~

[D] sym (W] skew sym

Note

(W]{x} L {x} for V{z}

Proof:  {a} Wi{e} = (WH{z}){e} = {«} W] {z} = — {a} W]{z} = 0

number number
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Material line segment:

choose fixed Xy, dX +— dx(t)

dUH ™~ — _
y
/
d . .
> d’U_]_/
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Rate of deformation (1/5)

Material line segment:

choose fixed X,, dX — dx(t)

dUH ™~ — _
dv \/
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D dx (axial plus angular deformation)

dx

W dx (neighbourhood averaged rotation)
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Rate of deformation (1/5)

Material line segment:

choose fixed X,, dX — dx(t)

dUH ™~ — _
dv \/
. /

/
d’U_]_

D dx (axial plus angular deformation)

dx

W dx (neighbourhood averaged rotation)

Denote dl = || dx|| = function(?)
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Rate of deformation (2/5)

For a fixed material point

d d dx dx dx
R = —(dx.-dx)=—-d dx — = 2dx-— = 2dx-d
T O = gy dx+ dxe o = 2dasg S 2 dxdy

Quadratic form

L(d)? = 2d{z}" d{v} = 2d{z}7[L] d{z} = 2d{z}"[D] d{z}

Theorem

D=0 <« Vdx: dl = const.
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Index notation
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Index notation
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. 2( i+ Ly 2(895]-—'_8:@)
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Rate of deformation (3/5)

Index notation
1

b 1 (v O\ 1 [0u = Ou
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Rate of deformation (3/5)

Index notation
1 1 [ Ov; Ov; 1 (0u; Ou;
Dy; = S(Li + Lji) = 5 z == : - ij
i = gt + Ly 2(8xj+0xi> 2(3azj+8:ci)7é€j
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Rate of deformation (3/5)

Index notation

o 1 f0v;  Ov\ 1{0u O\ .
i Z(L” o) = 2 (8acj . 0%’) 2 (axj ’ 355@') 7

t
/ D dr depends on integration path
0
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Rate of deformation (3/5)

Index notation

a i » 1 [/ Ov; (%j . 1 [ 0u; auj
Dy =5 L) = (8:@ . 8%) 2 (3% " 3%’) e

t
/ D dr depends on integration path
0

Corollary: E # D # A (the rate of deformation is not a strain rate)
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Rate of deformation (4/5)

Green-Lagrange strain

€] = S(FI7IF] - [1)) =
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Rate of deformation (4/5)

Green-Lagrange strain

€ = SUFIFLE) - 1) = S(ET7LF) + [FY ()
Hence
FI TR = S(ELTIES + (BEL = (D)
L] L]
€] = [FTD][F]

Ingeneral: E=£L(D) = D=0 & E=0
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Rate of deformation (4/5)

Green-Lagrange strain

€ = SUFIFLE) -~ 1)) = S(ET7LR) + [FY (D
Hence
FI TR = S(ELTIEN + (BEL = (D)
L] L]
€] = [FTD](F]

Ingeneral: E=£L(D) = D=0 E=0

Remark: E is a two-point tensor, therefore E depends both on €); and €).
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Rate of deformation (5/5)

Initial conditions
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Rate of deformation (5/5)

Initial conditions

Therefore

Symmetric part

Corollary

At () it holds € = D exactly.
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Vorticity (spin) tensor (1/3)
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Circular motion
dv = w x dx

Tullio Levi-Civita (1873-1941)

d?}i = Yijk Wj dil?k — I/Vzk dil?k
N——
Wi
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Vorticity (spin) tensor (1/3)

Circular motion
dv = w x dx

Tullio Levi-Civita (1873-1941)
dv; = vk wj dzp = Wi dy,
——7
Wi
Component definition
Wik = vijkw;  (skew sym)
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Vorticity (spin) tensor (1/3)

Circular motion
dv = w x dx

Tullio Levi-Civita (1873-1941)

dv; = Yk w; dag = Wi day,
——7
Wik
Component definition
Wik = vijkw;  (skew sym)

Algebraic expression for the cross product

{v} = [W]d{z}
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Vorticity (spin) tensor (2/3)

Matrix notation

0 Y132w3 Y123W2
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Vorticity (spin) tensor (2/3)

Matrix notation
0 Y132W3  Y123W2

W] = | yesiws 0 ~vya13wr
V321w Y3rowi 0O
Skew symmetry
0 —W3 W9
[W} = 0 —W1
0
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Vorticity (spin) tensor (2/3)

Matrix notation
0 Y132W3  Y123W2

W] = | yesiws 0 ~vya13wr
V321w Y3rowi 0O
Skew symmetry
0 —W3 09))
[W} = w3 0 —w1
—WwH w1 0
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Vorticity (spin) tensor (2/3)

Matrix notation
0 Y132W3  Y123W2

(W] = | vs1ws 0 91301
Y321w2 Yarpwi 0

Skew symmetry
0 —Ww3 09))

[W} e w3 0 —Ww1
—Wy  Wq 0
Axial vector
—Was
{w} = ¢ e

_W12
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Vorticity (spin) tensor (2/3)

Matrix notation
0 Y132W3  Y123W2

(W] = | vs1ws 0 91301
Y321wW2 Y312w1 O

Skew symmetry
0 —Ww3 09))

[W} e w3 0 —Ww1
—WwH w1 0
Axial vector
—Was
{w} = Wis
—Wha

... transforms as a vector for SO(3)™ rotation group.
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Vorticity (spin) tensor (3/3)

Circulation integral

fv-dl:/ curl vds,
AS;

curl vdS; = curlv  (equivalent to 2W)

Local mean circulation

S ——
AS;—0 ASt AS;

Circular motion

vV 2nrv
w = — =
r  2mr?
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Vorticity (spin) tensor (3/3)

Circulation integral

fv-dl:/ curl vds,
AS;

curl vdS; = curlv  (equivalent to 2W)

Local mean circulation

S ——
AS;—0 ASt AS;

- vV 27TV 1 7{ q
— = = — V.
r  2ar2  2AS;

Circular motion
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Vorticity (spin) tensor (3/3)

Circulation integral

fv-dl:/ curl vds,
AS;

curl vdS; = curlv  (equivalent to 2W)

Local mean circulation

B

AS;—0 ASt AS;
Circular motion

v 27TV 1 1

W e — 2AS) fv- dl — écurlv (equivalent to W)
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Vorticity (spin) tensor (3/3)

Circulation integral

fv-dl:/ curl vds,
AS;

curl vdS; = curlv  (equivalent to 2W)

Local mean circulation

S ——
AS;—0 ASt AS;

Circular motion

2 1 1
W = ; — 27::2/ = 9AS, fv- dl — écurlv (equivalent to W)

dv =Wdx = w X dx
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Example 4: Rotation

Xy
X5

Xi

u1(X1, X2) = Xi(cosp — 1) — Xysinp
Uz (X1, Xo) = Xysinp + Xs(cosp — 1)
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Example 4: Rotation

Xo i
- u1(X1, X2) = Xi(coswt — 1) — Xy sinwt

X5
X! ug( X1, Xo) = Xy sinwt + Xo(coswt — 1)
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Example 4: Rotation

Xy
X5
Xi

u; = Xq(coswt — 1) — Xosinwt
ug = X sinwt + Xa(coswt — 1)
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Example 4: Rotation

Xo

o up + X7 = Xicoswt — Xosinwt
2

X7 us + Xo = Xy sinwt + Xs coswt
I
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Example 4: Rotation

Xy
X5
Xi

r1 = Xqcoswt — Xosinwt

Ty = Xysinwt + Xo coswt



Institute of Thermomechanics

Example 4: Rotation

Xy
X5

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v = —wXysinwt — wXs coswt

V9 = wX7 coswt — wXysinw
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Example 4: Rotation

Xy
X5
Xi

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v1 = —w(X7sinwt + X; cos wt)

v = w( X7 coswt — Xy sinw)
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Example 4: Rotation

Xy
X5
Xi

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v1 = —w(Xysinwt + Xy coswt) = —wxo

V9 = w(X; coswt — Xpsinw) = wxy
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Example 4: Rotation

Xy
X5

Acceleration

- (%1 4 6’7}1 .
- ((% (9ij]

ai

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v1 = —w(Xysinwt + Xy coswt) = —wxo

V9 = w(X; coswt — Xpsinw) = wxy
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Example 4: Rotation

Xy
X5

Acceleration

(%1 6’1}1 8@1

((% -y (933]' / (%2

ai

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v1 = —w(Xysinwt + Xy coswt) = —wxo

V9 = w(X; coswt — Xpsinw) = wxy
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Example 4: Rotation

Xy
X5

Acceleration

- (%1 6’1}1 8@1

ai

((% -y (933]' / (%2

r1 = Xqcoswt — Xosinwt

To = X1 sinwt + Xy coswt

v1 = —w(Xysinwt + Xy coswt) = —wxo

V9 = w(X; coswt — Xpsinw) = wxy

v = —vy = —w(wxy) = —w?x;
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Example 4: Rotation

Xo .
o r1 = Xqcoswt — Xosinwt
2
X7 To = X1 sinwt + Xy coswt
I
© v1 = —w(Xysinwt + Xy coswt) = —wxo
RO ‘Xl

V9 = w(X; coswt — Xpsinw) = wxy

Acceleration

(%1 6’1}1 8@1 9
= + Vj = 7—Uy = —wWWwr) = —wW<x

ot (933]' / (%2 ’ ( 1) i

8712 (%2 6?1)2 9
— Vi = —T1 = w(—ws) = —Wwxy

5 ' oz,” " om

ai

as

Conclusion: v =w X x and a = —w?x (solid mechanics included)



