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Uniaxial problem

T
i M,
Nominal stress and small strain
F q Al
c=— and €= —
A [

A = the initial cross section
[ = the initial length
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First law

Internal energy
Heat power

Mechanical power

u=U/V
¢=Q/V
w=W/V

qg+w=1u
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Second law

Entropy

Heat content inequality

n=2S/V

1V
<.
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Dissipation inequality

1V
N =
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Dissipation inequality
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Dissipation inequality
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Dissipation inequality
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Dissipation inequality

Legendre transform
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Dissipation inequality

Legendre transform
Ty = (Tn) — T
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Dissipation inequality

Legendre transform
T = (Tn) —Tn
—nT +w > 10— (Tn)
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Dissipation inequality

Legendre transform
Ty = (Tn) — T
=0T+ >0 —(Tn) = (u—Tn)
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Dissipation inequality

Legendre transform
Ty = (Tn) — T
—nT +w>u—(Tn) =(u—Tn)
T +w=u—(Tn) = (u y )
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Dissipation inequality

Legendre transform
T =(Tn) —Tn
—T +w>0—(Tn) = (u—Tn)
nT +w 2 u—=(Tn) = (u—Tn
02
Y :=u—Tn Helmholtz free energy
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Dissipation inequality

Legendre transform
T =(Tn) —Tn
—T +w>u—(Tn) = (u—Tn)
nT +w 2 u—=(Tn) = (u—Tn
02
Y :=u—Tn Helmholtz free energy

T+ >
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The Helmholtz free energy (1/2)

Isothermal process

Aw 2 s — ¢
Cyclic loading
15251
Awy, 2 g — }
= Awp > Yy — Y1 > —Aw
Ay > by s T



Institute of Thermomechanics

The Helmholtz free energy (1/2)

Isothermal process

Aw 2 s — ¢
Cyclic loading
15251
Awy, 2 g — }
= Awp > Yy — Y1 > —Aw
Ay > by s T

...assuming  Awy > 0 and Awy < 0
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The Helmholtz free energy (1/2)

Isothermal process

Aw > Py — Y
Cyclic loading
R o)
Awy, > g — iy }
= |Awy| > — > [Aw
AwUZ¢1_¢2 | L’—¢2 ¢1_’ U’

...assuming  Awy > 0 and Awy < 0
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The Helmholtz free energy (1/2)

Isothermal process

Aw > Py — Y
Cyclic loading
R o)
Awy, > g — iy }
= |Awy| > — > [Aw
AwU2¢1_¢2 | L’—Qp? ¢1_’ U’

...assuming  Awy > 0 and Awy < 0

Y = strain energy
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The Helmholtz free energy (2/2)

First law
Aqg+ Aw = uy — uy

Isothermal process

Aw =~ 1 — 9y

Tensile test
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The Helmholtz free energy (2/2)

First law
Aqg+ Aw = uy — uy

Isothermal process

Aw =~ 1 — 9y

Tensile test
Ag =10 X Aw
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Thermoelasticity

Assumption . .
. 0V,
(e, T): Y= 9 €I GTT
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Thermoelasticity

Assumption

9 O .
(e, T) - wza—féJra—;éT

Dissipation inequality .
—nT +w >
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Thermoelasticity
Assumption ; ;
(e, T): = 8_fé+ %T
Dissipation inequality
oY, Oy

—nT + gé > T

366+8T
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Thermoelasticity

Assumption

9 O .
(e, T) - wza—féJra—;éT

Dissipation inequality

o\ LAY
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Thermoelasticity

Assumption

9 O .
(e, T) - wza—féJra—;éT

Dissipation inequality

o\ LAY
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Thermoelasticity — zeroing brackets

Denote

77+a_¢:f<67T>
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Thermoelasticity — zeroing brackets

Denote

77+a_¢:f<67T>

Assume

de, T : f(e,T)#0
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Thermoelasticity — zeroing brackets

Denote

77+a_¢:f(67T>

Assume

de, T : f(e,T)#0

—(n+a—¢)T20

For ¢ = 0 it follows

oT
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Thermoelasticity — zeroing brackets

Denote

77+a_¢:f(67T>

Assume

de, T : f(e,T)#0

For ¢ = 0 it follows

—f(e,T)T >0



Institute of Thermomechanics

Thermoelasticity — zeroing brackets

Denote

0
ian W _ f(e,T)
Assume
de, T : f(e,T)#0
For ¢ = 0 it follows

—f(e,T)T >0
But 7 is arbitrary, thus

fle,T)=0 necessary condition
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Thermoelasticity — heat transfer

Defining relation
u=9%+1Tn
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Thermoelasticity — heat transfer

Defining relation .
W=+ T'n) =+ TnFTg
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Thermoelasticity — heat transfer

Defining relation
oY, Oy

U= E—I—aT

T+Tn+Thn
Oe
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Thermoelasticity — heat transfer

Defining relation
oy, O0v. :
= T+Tn+T
u e € + T T4+ 1m
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Thermoelasticity — heat transfer

Defining relation
oy, O0v. :
= T+Tn+T
u e € + T T4+ 1m

= o0é+Tn (model)
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Thermoelasticity — heat transfer

Defining relation

o

oy

U =

Oe

= o0é+Tn (model)
w=w+¢q (1lst law)

€+8

or

T +Tn+Tn
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Thermoelasticity — heat transfer

Defining relation

Corollary

= o0é+Tn (model)
w=w+q (1Ist law)

U =

}

o . .
: T+ Ty e
€ + T T4+ 1m
N = q (ideal process)
-
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Thermoelasticity — summary

Free energy setup

(e, T) = Jza—w :
Oe

Heat transfer

n T q n

. O

oT
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Duhamel-Neumann model

Thermal expansion

6:%—1—04AT
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy

b(e, T) :/Ude
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy

¢ = LB — EaATe + f(T)
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)
Free energy

¢ = LB — EaATe + f(T)

Entropy
.G
T "ar
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy

¢ = LB — EaATe + f(T)

Entro
(9% - -y
n= Fae— f(T)
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy
W = %EEQ — EaATe+ f(T)
Entropy
n = Eae — f(T)

Heat exchange
i = T = T(Baé — f"(T)1)
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy
W = %EEQ — EaATe+ f(T)
Entropy
n = Eae — f(T)

Heat exchange
¢g=aoTEé¢—Tf"T)T
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Duhamel-Neumann model

Thermal expansion
o= FE(e — aAT)

Free energy
W = %EEQ — EaATe+ f(T)
Entropy
n = Eae — f(T)

Heat exchange
¢g=aoTEé¢—Tf"T)T

g =aoTFEé+ cT ... note that ¢ = function(T)
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Numerical example

G=aTEé+cT =aTlo

Tensile test 100 MPa
Ag=aTo =107° x 300 x 10* =3 x 10> J/m’
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Numerical example

G=aTEé+cT =aTlo

Tensile test 100 MPa
Aq=aTo =10"" x 300 x 10° =3 x 10> J/m

Mechanical work
0.2 (108)2

A p— ——
« 2F 2x2x 10U

—0.25 x 10> J/m®
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Recap

e The Helmholtz free energy (HFE) is the strain (stored) energy.
e HFE substantially differs from the internal energy.

e [ he dissipation inequality restricts the HFE structure.

e Thermoelasticity is the ideal proces (1 = ¢/T).

e Specific heat capacity of solids is independent of stress.



