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3D Elasticity
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3D Elasticity
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3D Elasticity

Free energy existence
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Tangent stiffness symmetries

1. Minor symmetry

o,esym. i<—j, k<1
6 x 6 = 36

2. Major symmetry
Cijkr = Criij , 1 <— kl, 21 coefficients
(example: FE stiffness matrix)
3. Material symmetry

isotropy group (E,v)
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Polar decomposition (1/2)

Let [U] be 3 x 3 real symmetric matrix. Form the associated eigenproblem

[U]{g&k} — )\k{gpk} - for k = 1, 2, 3

Property: A\ € R, {¢1} € R?

Orthonormal system

1, 1'=4
{%’}T{%pj} = = 0;; (Kronecker)
0,177
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Polar decomposition (2/2)

Modal matrix: [®] = [{o1} {©2} {p3}], [®]T[®] =[I] (orthonormal)

A 000
Spectral matrix: [A]= | 0 Xy 0 | = diag[A A2 A3
0 0 A3

Block multiplication

[U][®] = [[UJ{w1} [UH @2} [UX w3} = [M{e1} Aa{p2} As{ws}]
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Polar decomposition (2/2)

Modal matrix: [®] = [{o1} {©2} {p3}], [®]T[®] =[I] (orthonormal)

A 000
Spectral matrix: [A]= | 0 Xy 0 | = diag[A A2 A3
0 0 A3

Block multiplication

U] = [[UR¢1} [UH w2t [UHws}] = [Mfer} Aafoa} As{est] = [P][A
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Polar decomposition (2/2)

Modal matrix: [®] = [{o1} {©2} {p3}], [®]T[®] =[I] (orthonormal)

A 000
Spectral matrix: [A]= | 0 Xy 0 | = diag[A A2 A3
0 0 A3

Block multiplication

U] = [[UR¢1} [UH w2t [UHws}] = [Mfer} Aafoa} As{est] = [P][A
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Polar decomposition (2/2)

Modal matrix: [®] = [{o1} {©2} {p3}], [®]T[®] =[I] (orthonormal)

A 000
Spectral matrix: [A]= | 0 Xy 0 | = diag[A A2 A3
0 0 A3

Block multiplication

U] = [[UR¢1} [UH w2t [UHws}] = [Mfer} Aafoa} As{est] = [P][A

Theorem: [U] sym+def <= X\, >0
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Note on quadratic forms

Example: energy of a linear system

Py(z1, 22, ,Zn) = Usjrix; = {CU}T[U]{I'}
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Note on quadratic forms

Example: energy of a linear system
By(x1, %2, -+, Tp) = Ugjmiz; = {CU}T[U]{«T}
Matrix symmetry

Uijzixj = - - - Uaz129 + Unzoz1 - - = - - - (Urz + Uar) 2122 - - -



Institute of Thermomechanics

Note on quadratic forms

Example: energy of a linear system
Py(z1, 22,7, Zn) = Ugjziz; = {z} [U{x}
Matrix symmetry
U D= - - - Urox120 + Unozy - - - = - - - (U2 HlBME@s - - -

Convexity

v{z} # {0} : {z}'[UNz} >0

We say [U] is symmetric, positive definite (sym+def).
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Principal axes

Transformation matrix

Al =
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Principal axes

Transformation matrix
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{901}
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2nd order tensor
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Principal axes

Transformation matrix
{901}T
[A] = | {e2}!
{903}T

2nd order tensor

[€'] = [A][][A]" = [2]"[e][@]

|

o'
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Principal axes

Transformation matrix

2nd order tensor

[¢'] = [Alld[A]" = [2]"[][@] = [2]" [D][A][®]"[]
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Principal axes

Transformation matrix

2nd order tensor

[¢'] = [A]l[A]" = [2]"[e][@] = [2]" [DI[A][@]" [®] = [A] = diag[\1 A2 As]
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Principal axes

Transformation matrix

2nd order tensor

[¢'] = [A]l[A]" = [2]"[e][@] = [2]" [DI[A][@]" [®] = [A] = diag[\1 A2 As]

[€'] = diag[ €1 € €3]
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Invariant function
I = f(ei;) = f(e;) = scalar
Examples
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e trace tr(€) = €11 + €90 + €33 = €;; = €,

e principal values €, €9, €3

e principal invariants Iy, [y, I3
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Invariants

Invariant function
I = f(ei;) = f(e;) = scalar
Examples

/

e trace tr(€) = €11 + €90 + €33 = €;; = €,

e principal values €1, €9, €3

e principal invariants Iy, [y, I3

Power invariants
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Isotropic material

Free energy

Y(eij) = P(er, €2, €3)
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Isotropic material

Free energy

¢(€z‘j) - ¢(j1,f2,f3)
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Isotropic material

Free energy
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Chain rule
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Isotropic material

Free energy
¢(€Zj) - w(lla ]27 [3)

Chain rule

o ol, owol, Yol
_¢ 1+¢ 2+¢3

Uz'j

_6’f13€¢j o1, O€ij 8f35’€¢j
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Isotropic material

Free energy

¢(€zj) — w(jl,jz,fS)

Chain rule ) . .
oY ol Oy oly, Oy Ol
Jz'j = = + ~ -+ ~
Ol 0¢; 0l 06 Ol 08
Derivatives
ol 0
1 (€xt)
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Isotropic material

Free energy

¢(€zj) — w(jl,jz,fS)

Chain rule A N .
oY ol Oy oly, Oy Ol
Uz'j = ~ ol ~ + ~
Ol 0¢; 0l 06 Ol 08
Derivatives
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B = aeij(ekk) = O =1
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Isotropic material

Free energy

¢(€zj) — w(jl,jz,fS)

Chain rule ) . .
oY ol Oy oly, Oy Ol
Uz'j = s ‘l‘ ~ + =
Ol 0¢; 0l 06 Ol 08
Derivatives
oI, 0
B aeij(ekk) = 0k 0j1; = Oij
o 0 1

Be;; - Bes 5(%[651@)



Institute of Thermomechanics

Isotropic material

Free energy

¢(€zj) — w(jl,jz,fS)

Chain rule ; X .
. oY ol Oy oly, Oy Ol
L 6’f1 Oley; 8f2 Oe;j (‘ﬁg O€ij
Derivatives
oI, 0
B = aeij(ekk) = O =1
o O 1 1

(‘96@3 . (962‘]' é

(er€) = 5(5ik5jl€lk + €10i10 k)
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Isotropic material

Free energy

¢(€zj) — w(jl,jz,fS)

Chain rule ) . .
oY ol Oy oly, Oy Ol
Uz'j = s ‘l‘ ~ + =
Ol 0¢; 0l 06 Ol 08
Derivatives
oI, 0
B aeij(ekk) = 0k 0j1; = Oij
o 0 1 1

1
P §(€’d€”f) — 5(5ik5jl€lk + €110:0jk) = 5(%’ + €5i) = €
ij 1]
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Isotropic material

Free energy

¢(€zj) — ¢(j1,j2,f3)

Chain rule A N .
oY ol Oy oly, Oy Ol
Uij = ~ ol ~ + ~
Ol 0¢; 0l 06 Ol 08
Derivatives
oI, 0

- = 8ez~j(€kk) = O =1

ol O 1 1 !
862 e, é(Elek) = 5(5ik5ﬂ€zk + €r10i0jk) = 5(?7’73 + €ji) = €

O e

Oe;j - ey g(qu&iqrErp) T
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General isotropic elasticity

Index notation

Uij =
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General isotropic elasticity

Index notation

oY
ol

oy

Oij = 72045 + —=€ij + =

a1,

Direct notation

_
ol

0
-+ %e+

0%

015

Qi

Remark: Cayley-Hamilton theorem
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Linear isotropic elasticity

o = %I+ agbeJr 8?62
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Linear isotropic elasticity
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Linear isotropic elasticity

o = %I+ (%ADeJr 8%62
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Linear isotropic elasticity
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Linear isotropic elasticity

oy

A

015
oY
Ol
O

A

I

— @D(jl,jg)
24
A = Atr (€)

a—a—¢l+ 8¢e+ a¢€2

- 9l, 0l, 0l

s o= Mr(e)l+2ue

(Hooke's law)
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Linear isotropic elasticity

o >
== I, I
o7, V(1 I2)
ol
015

G, A = Atr (€)

A

I

a—a—wl—k 8¢e+ a¢€2

- 9l, 0l, 0l

o = A\tr(e)I + 2ue

A, 4 = Lamé

(Hooke's law)

convexity: E,K,G >0, v € (—1, 0.5)



