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Nomenclature

X €y  material point (particle)
x € R spatial point
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Nomenclature

X €y  material point (particle)
x € R spatial point

X,;  material coordinates (Lagrange)
x;  spatial coordinates (Euler)

u(X,t)  material (Lagrangian) field in €
v(x,t)  spatial (Eulerian) field in Q c R
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Lagrangian fields

Primary field: u(X,¢) = displacement field in ()

x(X,t) =X +u(X,t)
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Lagrangian fields

Primary field: u(X,¢) = displacement field in ()

x(X,t) =X +u(X,t)

Domain mapping
x(X,t) : Qy — Q (regular)

Inverse mapping

IAX(x,1) : % — D

Initial condition

x(X,0)=X
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Displacement gradient

Component definition

i
zij = = (transforms as a second order tensor)

Matrix notation

i 0u1 8%1 8u1 ]
00X, 00Xy 0Xj3
[Z] - 0uz (‘Mg 8uQ

00X, 00Xy 0Xj3
0U3 6u3 8U3
0X; 0Xe 0Xj5 .
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Displacement gradient

Component definition

i
% = B (transforms as a second order tensor)

Matrix notation

i 0u1 8%1 8u1 ]
00X, 00Xy 0Xj3
0uz (‘Mg 8uQ
00X, 00Xy 0Xj3
0U3 6u3 8U3

L 0X1 00Xy 0X3

Direct (covariant) notation

7z = Gradu
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Deformation gradient

Component definition

(%i

F, =
770X,

(transforms as a second order tensor)

Direct notation

F = Gradx
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Deformation gradient

Component definition

(%i
F,j = = (transforms as a second order tensor)

0X,

Direct notation

F = Gradx

Relation between gradients

83:1- -
0X; 0X;

Ej = (XZ + ul) = 5@' o Zij

F=z+1
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Jacobian

Jacobi matrix

Jij =

Jacobian

J =det|F|#0

8:1:@
0X;

everywhere in () (regular)
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Jacobian

Jacobi matrix

833@
0X;

Jiyj = == = F

Jacobian
J =det|F|#0 everywhere in () (regular)

J >0or J <0 everywhere in )
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Volume

Choose arbitrarily

VoC g = V,C



Institute of Thermomechanics

Volume

Choose arbitrarily

%CQO — WCQt

Vt:/ th:/JdV()>O
Vi Vo

Volumetric integral

Hence

J:det]F|>O in {2
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Volume

Choose arbitrarily

%CQO — WCQt

Vt:/ th:/JdV()>O
Vi Vo

Volumetric integral

Hence

J:det]F|>O in {2

Approximation

Vo—0: /JdVO:JVO s J &
Vo
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Example 1: Domain mapping (1/2)

Mapping

r1 = X1 + CLlf2
b ¢
o = XQ b bXQt + Ctz LY OS



Institute of Thermomechanics

Example 1: Domain mapping (1/2)

Mapping
r1 = X1—|—6Lt2
b R
o = X2+bX2t+Ct2 LY OS

Initial condition
xl(XbX?)O) = Xl
xQ(XbXQ)O) — X2
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Example 1: Domain mapping (1/2)

Mapping Inverse
- 2
1 :X1—|—6Lt2 Xl —ZL’l—CLt
b,c e R D)
Ty = Xo+bXot+ct? [0° .
1+ 0t

Initial condition
xl(XbX?)O) = Xl
xQ(XbXQ)O) — X2
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Example 1: Domain mapping (1/2)

Mapping
Ir1 = X1—|—6Lt2
b R
Tro = X2+bX2t+Ct2 RS

Initial condition
xl(XlaX%O) - Xl
xQ(XlaX%O) — X2

Inverse
X; = x1 — at?
T9 — ct?
2 T N

Regularity check
b>0:te|0,00)
b<0: tel0,]p )
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Example 1: Domain mapping (2/2)

Mappin
ppIng | 0

0 1+0t

>
|

r1 = X1+at2
Ty = Xg+ bXyt + ct?
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Example 1: Domain mapping (2/2)

Mapping L0
T, TG - at? I 0 1+ bt
Go — WL b Xt | ct?
J =1+ b6

(same condition as before)
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Example 1: Domain

mapping (2/2)

Mapping
r1 = X1 +CLt2
Go — L Xt + ct’

I 0
0 1+0t

J=1+bt >0

(same condition as before)

Volume change

[ T i,
W | < O

Bl
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Inverse mapping

Inverse deformation gradient

X
X(x,t): % —=Q = F'— F,&-;l — g
L
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Inverse mapping

Inverse deformation gradient

X
X(x,t): % —=Q = F'— F,&-;l — g
L

Inverse matrix
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Inverse mapping

Inverse deformation gradient

0X;
X(x,t): Q) 0 | Fol=2""
(x,t) : % = Qy = — F 7,
Inverse matrix
[FIlF]= = [1]
Proof
- &c@ an - aCCZ
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Green-Lagrange strain tensor (1/3)

Differential

0x;

dz; =
o

dXj = F;dX,

=

d{z} =

[F]d{X}




Institute of Thermomechanics

Green-Lagrange strain tensor (1/3)

Differential
0x;

i — dXj=F,;dX; = d{z} = [F]d{X}
0X;

Mapping of a line segment

dX

F .
/dx



Institute of Thermomechanics

Green-Lagrange strain tensor (1/3)

Differential

e T ooy, o d{z)

i — = I x} =
Ve

[F]d{X}

Mapping of a line segment

dX

F .
/dx

denote: dL = || dX]|| and dl = || dx||
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Green-Lagrange strain tensor (2/3)

Measure of length change
(dl)? — (dL)* = || dx]||* — ||dX]]* = dx - dx — dX - dX
= d{z}" d{z} — {X} d{X}
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Green-Lagrange strain tensor (2/3)

Measure of length change
(dI)? — (AL)? = [|dx]|? — | dX|? = dx - dx — dX - dX
= A2} d{z) — X7 A{X)
— AXVTIFTIF]A{X} — d{X}T d{X}
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Green-Lagrange strain tensor (2/3)

Measure of length change
(dI)? — (AL)? = ||dx|]? — | dX|? = dx - dx — dX - dX
= A2} d{z) — X7 A{X)
— AXVTIFTIF]A{X} — d{X}T d{X}
= (X} ([F]'[F] - [1]) d{X}
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Green-Lagrange strain tensor (2/3)

Measure of length change
(dI)? — (AL)? = ||dx|]? — | dX|? = dx - dx — dX - dX
= A2} d{z) — X7 A{X)
— AXVTIFTIF]A{X} — d{X}T d{X}
= d{X}" ([F]'[F] = [1]) d{X}

"~

2le]

Component definition

([FIFI=[]) | sym

O | —
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Green-Lagrange strain tensor (2/3)

Measure of length change
(dI)? — (AL)? = ||dx|]? — | dX|? = dx - dx — dX - dX
= A2} d{z) — X7 A{X)
— AXVTIFTIF]A{X} — d{X}T d{X}
= d{X}" ([F]'[F] = [1]) d{X}

"~

2le]

Direct notation

1
e= i(FTF —1I) | sym
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 «<— VdX: dL=dl
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 «<— VdX: dL=dl

General proof for zero quadratics

{z}[U{z} =0 for V{z}
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 «<— VdX: dL=dl

General proof for zero quadratics

{z}[UN=} = {z} [@][A[Q] {z} =0 for V{z}
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 «<— VdX: dL=dl

General proof for zero quadratics

{z} [U{a} = {2} [@)[A] @] {z} =0 for V{z}
{y}
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 «<— VdX: dL=dl

General proof for zero quadratics
{z}'[Ul{=} = {z}'[@][A] [CPL {}x} ={y}' [A{y} =0 for ¥{z}
Y
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 &= VdX: dL = di

General proof for zero quadratics
{z}'[Ul{=} = {z}'[@][A] [CPL {}SU} ={y}' [A{y} =0 for ¥{z}
Y

Multiplying diagonal

My +doyps+ -+ Ayi=0 forV{y} = N=0 =
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Green-Lagrange strain tensor (3/3)

Theorem: e=0 &= VdX: dL = di

General proof for zero quadratics
Uz} = {=}T[@][A] [ @] {z} = {y}[Al{y} =0 for ¥
{z}' [UKz} = {=} [Q][A] (@) {=} = {y} [A{y} or V{x}
{3
Multiplying diagonal
My +doyps+ -+ Ayi=0 forV{y} = N=0 =

However

@] {z} = {y} . [@] =regular = {y} = {z}
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Angular distortion

F
dX dY dx
\¥4 W
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Angular distortion

F
dX dY dx
dy
Bilinear form

dx - dy — dX - dY = d{z}Td{y} — ¢{X}T d{y}
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Angular distortion

F
dX dY dx
\¥4 W

Bilinear form

dx - dy — dX - dY = d{z}Td{y} — ¢{X}T d{y}
= X [FIFI{Y} - X} d{Y}
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Angular distortion

F
dX dY dx
\¥4 W

Bilinear form

dx - dy — dX - dY = d{z}! d{y} - X} Y}
= WXYI[FI'FI{Y} - ({X}' d{Y}
— (X} (FIF] - (1)) (¥}

~~

2le]
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Angular distortion

F
dX dY dx
\¥4 W

dx - dy — dX - dY = d{z}Td{y} — ¢{X}T d{y}
= X [FIFI{Y} - X} d{Y}

Bilinear form

corollary:

= X} (ELIF] - 1) Y}
2]

e=0 = dx.-dy=dX-dY

for all directions
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Non-uniqueness

Scalar product
dx - dy = |[|dx[[||dy][cos¢
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Non-uniqueness

Scalar product
dx- dy = [dx||[[dy[lcose = | dX[|[|dY][cos¢
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Non-uniqueness

Scalar product
dx-dy = | dx|/[|dylfcos¢
dX - dY = [|[dX||| dY]| cos g

= || dX|l[|dY][ cos
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Non-uniqueness

Scalar product
dx-dy = | dx|/[|dylfcos¢
dX - dY = [|[dX||| dY]| cos g

= || dX|l[|dY][ cos

Comparing: cos p = cos @y



Institute of Thermomechanics

Non-uniqueness

Scalar product
dx - dy = [[dx[l[[dy[[cose = [|[dX]|[[dY|[cos¢
dX - dY = [|[dX||| dY]| cos g

Comparing: cosp = cospy = |@| = |vo
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Non-uniqueness

Scalar product
dx - dy = [[dx[l[[dy[[cose = [|[dX]|[[dY|[cos¢
dX - dY = [|[dX||| dY]| cos g

Comparing: cosp = cospy = |@| = |vo

dx\@/dy dy\@/dx

Two solutions



Institute of Thermomechanics

Non-uniqueness

Scalar product
dx - dy = [[dx[l[[dy[[cose = [|[dX]|[[dY|[cos¢
dX - dY = [|[dX||| dY]| cos g

Comparing: cosp = cospy = |@| = |vo

dx\@/dy dy\@/dx

J=+1 J=-1

Two solutions
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Mirroring

F =1

J=1 object
e=0
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Mirroring

F=1I F=-1I
J=1 object mirror 1osido J=—1
e=20 e =0




