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Composition

Stretch and rotation

d{xm} = [U ] d{X} followed by d{x} = [R] d{xm} ⇒ d{x} = [R][U ] d{X}

Hence

F = RU

Multiplicative decomposition

F = FNFN−1 · · ·F2F1

Rotation followed by stretch

F = RU = RURTR = VR (same principal stretches)
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Decomposition

If F = RU then FTF = UTRTRU = UU = U2 ⇒ U =
√
FTF sym+def

Set R = FU−1 and verify RTR = U−1FTFU−1 = U−1U2U−1 = I

. . . which proves existence of F = RU for any regular F.

Square root of a symmetric, positive definite matrix:

1. [C] = [F ]T [F ] sym+def for any regular [F ] (Cauchy-Green metric tensor)

2. The eigenvalue problem: [C]{ϕk} = µk{ϕk} , µk > 0

3. Let λk =
√
µk > 0 , [Λ] = diag[λ1 λ2 λ3 ] ⇒ [Λ]2 = diag[µ1 µ2 µ3 ]

4. Let [U ] = [Φ][Λ][Φ]T sym+def

It follows that [U ]2 = [Φ][Λ][Φ]T [Φ][Λ][Φ]T = [Φ][Λ]2[Φ]T = [C].
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Polar decomposition

Theorem

F = RU = VR uniquely

The right and left stretch tensors

U , V sym+def, having the same principal stretches λk > 0

Rotation tensor

R = proper orthogonal, that is, det |R| = +1

. . . verifies as

det |F | = det |R|︸ ︷︷ ︸
±1

det |U |︸ ︷︷ ︸
> 0

= J > 0
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Lagrange family

E = f (U) (e.g. Green-Lagrange)

Euler family

A = f (V) (e.g. Euler-Almansi)
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Examples of Lagrangean tensors

Green-Lagrange

e =
1

2
(FTF− I) =

1

2
(UTRTRU− I) =

1

2
(U2 − I)

. . . illogical formula but easy computation.

Small strain

ε =
1

2
(z + zT ) =

1

2
(F + FT )− I =

1

2
(RU + URT )− I

. . . depends on rotation but . . .

R→ I : ε ' U− I (relative elongation)

Biot

b = U− I for any R
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Velocity

Parametric derivative

velocity =
d

dt
x(X0, t)

Definition

V(X, t) =
∂x

∂t
=
∂u

∂t

Parallel transport

V(X, t) = V(X(x, t), t) ≡ v(x, t)
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Acceleration

Definition

A(X, t) =
∂V

∂t
7→ a(x, t)

Chain rule calculation
∂V

∂t
≡ ∂

∂t
v(x1(X, t), x2(X, t), x3(X, t), t) =

∂v

∂xj
vj(x, t) +

∂v
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= a(x, t)

No L-field needed!



Acceleration

Definition

A(X, t) =
∂V

∂t
7→ a(x, t)

Chain rule calculation
∂V

∂t
≡ ∂

∂t
v(x1(X, t), x2(X, t), x3(X, t), t) =

∂v

∂xj
vj(x, t) +

∂v

∂t
= a(x, t)

a =
∂v

∂t
+
∂v

∂xj
vj
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Example 1: Domain mapping (1/2)

Mapping

x1 = 9a

x2 = 9c

Lagrange description

V1(0, 0, 3) = 6a

V2(0, 0, 3) = 6c

Inverse
X1 = 0

X2 = 0

Euler description

v1(9a, 9c, 3) = 6a

v2(9a, 9c, 3) = 6c

Numerical example: X1 = X2 = 0, t = 3
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stored result: A1 = a1 = 2a (checks), A2 = a2 = 2c

Euler field

v1(x1, x2, t) = 2at

v2(x1, x2, t) = b
x2 − ct2

1 + bt
+ 2ct

a1(x1, x2, t) =
∂v1
∂t

+
∂v1
∂xj

vj = 2a
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∂v2
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+
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