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Euler description

Five conditions to meet:

O p+pdive=0

Q@ dive +b = pv

3. o sym (const. eqns.)
@ rk—divh+o:D = pu

. 1 .
5. —pnT + o:D — fh-gradT > pp (const. eqns.)

Five equations to solve: vy, vy, v3, T, p (or pressure).
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v — L=D+W
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Constitutive equations

Kinematics

v — L=D+W

Constitutive equations satisfying 3. and 5.

at time ¢:  input p(x,1), T(x,t), D(x,t) and compute

e o(x,t)=—pl+T
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Inviscid fluids (1/4)

Assumption
-
N o= —pl (meets 3.)
T
0oi; 0 op
— 5ii) = —
Ox axj( poy) Ox;

dive = —gradp
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Power density
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Inviscid fluids (2/4)

Power density

oD = UijDZj =
(97)2'
p p@xl
Continuity equation
—divv =
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Power density

Continuity equation
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Inviscid fluids (3/4)

1. p+ pdivv =10
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Inviscid fluids (3/4)

1. p+ pdivv =10

2. —gradp +b = pv (Euler)

4. K —divh+p? = pu
0

: e :
b. —pnT+pB — Th-gradT > p
P

Corollary

Y = function(p, T, - - -
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Inviscid fluids (4/4)

Assumption

F(p,T) :

v

_9,

oy .
+8_TT
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Inviscid fluids (4/4)

Assumption
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W(p,T): o= 2," " ot

Dissipation inequality

0 P o
- - i, T >
p(n+ T)T+(p 0 — )p ThgradT 0
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Inviscid fluids (4/4)

Assumption

o0, Oy

W(p,T): o= 2," " ot

Dissipation inequality

oy P o
- - i, T >
p(n—i— T)T+(p 0 — )p ThgradT 0

0y 5 O

=~~~ and
N=—gr an ppap
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Remark: Incompressibility

1. divv =0

2. —gradp+ b = pyv

4. k —divh = pyu

5. h-gradT <0

Note that u includes convection as

: ou
U = (E)x + (grad u)v
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Ideal gas (1/2)

Experiments
p(V') Boyle & Mariotte (1662)

p(T) Gay-Lussac (1808)

Equation of state

Z—?:TT

p
where 7 [J/kgK] is the specific (not universal) gas constant.

oY D O

9

p=p°'— = —=p— =11
g dp P \p(p)’p
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Ideal gas (1/2)

Experiments
p(V') Boyle & Mariotte (1662)

p(T) Gay-Lussac (1808)

Equation of state

Z—?:TT

p
where 7 [J/kgK] is the specific (not universal) gas constant.

oY D oY

2

i — = —=p—=r] = L) =rTnp+ fi
& 5 ’ fap P(p,T) P (T')

-~

4
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Ideal gas (1/2)

Experiments
p(V') Boyle & Mariotte (1662)

p(T) Gay-Lussac (1808)

Equation of state

Z—?:TT

p
where 7 [J/kgK] is the specific (not universal) gas constant.

0 0
ppza—f = gpa—ﬁrT = Y(p,T)=rTInp—rTnpy+ g(T)

-~
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Ideal gas (1/2)

Experiments
p(V') Boyle & Mariotte (1662)

p(T) Gay-Lussac (1808)

Equation of state

Z—?:TT

p
where 7 [J/kgK] is the specific (not universal) gas constant.

0 0
ppza—f = gpa—ﬁrT = Y(p,T)=rTInp—rTnpy+ g(T)

-~

4

o =T+ g(T)
Po
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Ideal gas (2/2)

Helmholtz free energy

w:TTlnﬁJrg(T)
Po
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Helmholtz free energy
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Ideal gas (2/2)

Helmholtz free energy

Entropy

Internal energy
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Helmholtz free energy

Entropy

Internal energy

— ) + Ty = rTln 2 + g(7T) B —T4q'(T)
Po PO



Institute of Thermomechanics

Ideal gas (2/2)

Helmholtz free energy

Entropy

Internal energy

u:¢+T77:rTlnﬁ+g(T)—rTlnﬁ—Tg'(T)
— Ry,

Corollary

u = function(T")

Compare to the kinetic theory of gases.
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Navier-Stokes equations (1/2)

Activating viscous stress, it follows from CDI

7D >0 = 7 = function(D)
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Navier-Stokes equations (1/2)

Activating viscous stress, it follows from CDI
7D >0 = 7 = function(D)

Linear model
7 =CD (Newton-Stokes)

|sotropy
7= Atr (D)I 4+ 2uD
... however
tr (D) = Dm' = Lii I IAY
... hence

7 = AMdivv)I 4+ 2uD
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Navier-Stokes equations (2/2)

Inserting into the equations of motion

0
—gradp + (A + p)grad (divv) + pdivL + b = p (

ot

V) + pLv

it = dynamic viscosity (Newton)
A = second viscosity
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Navier-Stokes equations (2/2)

Inserting into the equations of motion

0
—gradp + (A + p)grad (divv) + pdivL + b = p (0_;’) + pLv

it = dynamic viscosity (Newton)
A = second viscosity

Bulk viscosity

tr (7) = (3A + 2u) divv
SH

Stokes condition

2
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Wave propagation

Hydrodynamic approximation; longitudinal planar wave

v = particle velocity
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Wave propagation

Hydrodynamic approximation; longitudinal planar wave

v = particle velocity

— >

iU 0), v > 0 p=0,p=py,v=_0

i

ct

wave solution: T = p(x — ct) = p(£)
wave speed




Institute of Thermomechanics

Wave propagation

Hydrodynamic approximation; longitudinal planar wave

v = particle velocity

p>0,p>py,v>0 p=0,p=py,v=0
T
Y wave solution: T = p(x — ct) = p(§)
wave speed
Property:
OT\ _ Op _ dpof _ d90<_c) oy
ot ) ot dEot  dg k. O o7
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Continuity equation

Spatial description
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<§) + div(pv) = 0

dp 0

Substitution
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Continuity equation

Spatial description

dp :
<§)L +div(pv) =0
Substitution 3 5
Enci . e B
. ox . 8x( P

Integration
—cp+ pv = f(¢)
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Continuity equation

Spatial description
<%) ' +div(pv) =0

X

Substitution

dp 0
—c5t %(pv) =0
Integration
—cp+ pv = f(¢)

Initial condition
forz > ct:—cpy+ 0= f(t)



Institute of Thermomechanics

Continuity equation

Spatial description
<%) ' +div(pv) =0

X

Substitution

dp 0
o + %(pfu) =0
Integration
—cp + pv = f(2)

Initial condition
forx > ct: —cpy+ 0 = f(t)

Universal solution

plc—v) = poc

Remark: No supersonic speeds!
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Equation of motion

Spatial description
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Substitution
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Spatial description
ov
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Equation of motion

Spatial description

ov
ol _ o
gradp+b =p (8t)x
Substitution
O _ 0
or P ox

s %
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Equation of motion

Spatial description
ov

Substitution
dp ov

Ox &:—Ul oz
Poc
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Equation of motion

Spatial description

0
—gradp+b=p (8_:) + pLv

Substitution
dp ov
L ple—v) o
or ~~——0x
Poc
Integration

p = pocv + f(%)
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Equation of motion

Spatial description

0
—gradp+b=p (8_:) + pLv

Substitution

dp ( ) ov
Poc
Integration

p = pocv + f(%)

Universal solution

D = pocv
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Shock loading

vézf

m(Vo) = po cAt
m(V;) = p(c — v)At

by 44y

ct cA\t

\EES po cAt = p(c — v)At  (checks)
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Shock loading

il | m(Vo) = po cAt
m(Vy) = p(c — v)At

ct cA\t

\EES po cAt = p(c — v)At  (checks)

Momentum: pAt = (py cAt)v (checks)

Note: The previous solution holds valid for any (non-shock) wave profile
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Shock equations

Universal solution
poc = p(c—v)
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uknowns: p, v, p
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Shock equations
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Shock equations

Universal solution
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Shock equations

Universal solution
poc=p(c—v)
p = pocv

uknowns: p, v, p
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Ist eqn.: v = ¢(1 — @) =c(l—J)=c(l- l_) = —ce
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Shock equations

Universal solution
poc=p(c—v)
P = pocv

uknowns: p, v, p

[
Ist eqn.: v = ¢(1 — @) =c(l—J)=c(l- l_) = —ce
P 0

2nd eqn.: p = —py e
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Shock equations

Universal solution
poc=p(c—v)
p=pocu

uknowns: p, v, p

[
Ist eqn.: v = ¢(1 — @) =c(l—J)=c(l- Z_) = —ce
p 0

2nd eqn.: p = —py €

Wave speed

poc” = L
€

Remark: Note that —e represents the compression ratio.
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Perfect plasticity

Uniaxial strain state
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=
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Perfect plasticity

Uniaxial strain state
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Bulk sound speed

Hugoniot empirical relation

c=cyp+sv (for most metals: s~ 1.5)

— K
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PoE Po
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Perfect plasticity

Uniaxial strain state

3(1 —2v)
Bulk sound speed

Hugoniot empirical relation

c=cyp+sv (for most metals: s~ 1.5)

[— K [—
. . S€ e = p= function(—e)
Po€ Po Po€

Substituting
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Hugoniot curve
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true
asymptote
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Hugoniot curve

Hugoniot

true
asymptote

Example: steel

£ 167 x 109
e — iR — ([ — 462
1o 0TGP SR — = O

v=2km/s = c=T7627Tm/s

p = 7800 x 7627 x 2000 = 120 GPa



