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Nomenclature

X ∈ Ω0 material point (particle)

x ∈ R3 spatial point



Nomenclature

X ∈ Ω0 material point (particle)

x ∈ R3 spatial point

Xi material coordinates (Lagrange)

xj spatial coordinates (Euler)

u(X, t) material (Lagrangian) field in Ω0

v(x, t) spatial (Eulerian) field in Ω ⊂ R3



Lagrangian fields

Primary field: u(X, t) = displacement field in Ω0

x(X, t) = X + u(X, t)



Lagrangian fields

Primary field: u(X, t) = displacement field in Ω0

x(X, t) = X + u(X, t)

Domain mapping

x(X, t) : Ω0 → Ωt (regular)

Inverse mapping

∃X(x, t) : Ωt → Ω0

Initial condition

x(X, 0) = X



Displacement gradient

Component definition

zij =
∂ui
∂Xj

(transforms as a second order tensor)

Matrix notation
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Displacement gradient

Component definition

zij =
∂ui
∂Xj

(transforms as a second order tensor)

Matrix notation

[z] =


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∂u3
∂X1

∂u3
∂X2

∂u3
∂X3


Direct (covariant) notation

z = Gradu



Deformation gradient

Component definition

Fij =
∂xi
∂Xj

(transforms as a second order tensor)

Direct notation

F = Gradx



Deformation gradient

Component definition

Fij =
∂xi
∂Xj

(transforms as a second order tensor)

Direct notation

F = Gradx

Relation between gradients

Fij =
∂xi
∂Xj

=
∂

∂Xj
(Xi + ui) = δij + zij

F = z + I



Jacobian

Jacobi matrix

Jij =
∂xi
∂Xj

= Fij

Jacobian

J = det |F | 6= 0 everywhere in Ω0 (regular)



Jacobian

Jacobi matrix

Jij =
∂xi
∂Xj

= Fij

Jacobian

J = det |F | 6= 0 everywhere in Ω0 (regular)

rr
rJ = 0

����+

����−

Ω0

J > 0 or J < 0 everywhere in Ω0



Volume

Choose arbitrarily

V0 ⊂ Ω0 → Vt ⊂ Ωt



Volume

Choose arbitrarily

V0 ⊂ Ω0 → Vt ⊂ Ωt

Volumetric integral

Vt =

∫
Vt

dVt =

∫
V0

J dV0 > 0

Hence

J = det |F | > 0 in Ω0



Volume

Choose arbitrarily

V0 ⊂ Ω0 → Vt ⊂ Ωt

Volumetric integral

Vt =

∫
Vt

dVt =

∫
V0

J dV0 > 0

Hence

J = det |F | > 0 in Ω0

Approximation

V0 → 0 :

∫
V0

J dV0 ' JV0 ⇒ J ' Vt/V0



Example 1: Domain mapping (1/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

}
a, b, c ∈ R



Example 1: Domain mapping (1/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

}
a, b, c ∈ R

Initial condition

x1(X1, X2, 0) = X1

x2(X1, X2, 0) = X2



Example 1: Domain mapping (1/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

}
a, b, c ∈ R

Initial condition

x1(X1, X2, 0) = X1

x2(X1, X2, 0) = X2

Inverse

X1 = x1 − at2

X2 =
x2 − ct2

1 + bt



Example 1: Domain mapping (1/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

}
a, b, c ∈ R

Initial condition

x1(X1, X2, 0) = X1

x2(X1, X2, 0) = X2

Inverse

X1 = x1 − at2

X2 =
x2 − ct2

1 + bt

Regularity check

b ≥ 0 : t ∈ [ 0,∞)

b < 0 : t ∈ [ 0, |b|−1 )
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Example 1: Domain mapping (2/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

F =

[
1 0

0 1 + bt

]



Example 1: Domain mapping (2/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

F =

[
1 0

0 1 + bt

]

J = 1 + bt > 0

(same condition as before)



Example 1: Domain mapping (2/2)

Mapping

x1 = X1 + at2

x2 = X2 + bX2t + ct2

F =

[
1 0

0 1 + bt

]

J = 1 + bt > 0

(same condition as before)

Volume change

Vt
V0

=
1 + bt

1× 1
= J



Inverse mapping

Inverse deformation gradient

X(x, t) : Ωt → Ω0 ⇒ F−1 7→ F−1ij =
∂Xi

∂xj



Inverse mapping

Inverse deformation gradient

X(x, t) : Ωt → Ω0 ⇒ F−1 7→ F−1ij =
∂Xi

∂xj

Inverse matrix

[F ][F ]−1 = [I ]



Inverse mapping

Inverse deformation gradient

X(x, t) : Ωt → Ω0 ⇒ F−1 7→ F−1ij =
∂Xi

∂xj

Inverse matrix

[F ][F ]−1 = [I ]

Proof

FikF
−1
kj =

∂xi
∂Xk

∂Xk

∂xj
=
∂xi
∂xj

= δij



Green-Lagrange strain tensor (1/3)

Differential

dxi =
∂xi
∂Xj

dXj = Fij dXj ⇒ d{x} = [F ] d{X}



Green-Lagrange strain tensor (1/3)

Differential

dxi =
∂xi
∂Xj

dXj = Fij dXj ⇒ d{x} = [F ] d{X}

Mapping of a line segment

dX

6
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Green-Lagrange strain tensor (1/3)

Differential

dxi =
∂xi
∂Xj

dXj = Fij dXj ⇒ d{x} = [F ] d{X}

Mapping of a line segment

dX

6

r

r
-

F
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��

r

r
dx

denote: dL = ‖ dX‖ and dl = ‖ dx‖



Green-Lagrange strain tensor (2/3)

Measure of length change

( dl)2 − ( dL)2 = ‖ dx‖2 − ‖ dX‖2 = dx · dx− dX · dX

= d{x}T d{x} − d{X}T d{X}



Green-Lagrange strain tensor (2/3)

Measure of length change

( dl)2 − ( dL)2 = ‖ dx‖2 − ‖ dX‖2 = dx · dx− dX · dX

= d{x}T d{x} − d{X}T d{X}

= d{X}T [F ]T [F ] d{X} − d{X}T d{X}



Green-Lagrange strain tensor (2/3)

Measure of length change

( dl)2 − ( dL)2 = ‖ dx‖2 − ‖ dX‖2 = dx · dx− dX · dX

= d{x}T d{x} − d{X}T d{X}

= d{X}T [F ]T [F ] d{X} − d{X}T d{X}

= d{X}T ([F ]T [F ]− [I ]) d{X}



Green-Lagrange strain tensor (2/3)

Measure of length change

( dl)2 − ( dL)2 = ‖ dx‖2 − ‖ dX‖2 = dx · dx− dX · dX

= d{x}T d{x} − d{X}T d{X}

= d{X}T [F ]T [F ] d{X} − d{X}T d{X}

= d{X}T ([F ]T [F ]− [I ])︸ ︷︷ ︸
2[e]

d{X}

Component definition

e : [e] =
1

2
( [F ]T [F ]− [I ] ) sym



Green-Lagrange strain tensor (2/3)

Measure of length change

( dl)2 − ( dL)2 = ‖ dx‖2 − ‖ dX‖2 = dx · dx− dX · dX

= d{x}T d{x} − d{X}T d{X}

= d{X}T [F ]T [F ] d{X} − d{X}T d{X}

= d{X}T ([F ]T [F ]− [I ])︸ ︷︷ ︸
2[e]

d{X}

Direct notation

e =
1

2
(FTF− I) sym



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = 0 for ∀{x}



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = {x}T [Φ][Λ][Φ]T{x} = 0 for ∀{x}



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = {x}T [Φ][Λ] [Φ]T{x}︸ ︷︷ ︸
{y}

= 0 for ∀{x}



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = {x}T [Φ][Λ] [Φ]T{x}︸ ︷︷ ︸
{y}

= {y}T [Λ]{y} = 0 for ∀{x}



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = {x}T [Φ][Λ] [Φ]T{x}︸ ︷︷ ︸
{y}

= {y}T [Λ]{y} = 0 for ∀{x}

Multiplying diagonal

λ1y
2
1 + λ2y

2
2 + · · · + λny

2
n = 0 for ∀{y} ⇒ λi = 0 ⇒ [U ] = [0]



Green-Lagrange strain tensor (3/3)

Theorem: e = 0 ⇐⇒ ∀ dX : dL = dl

General proof for zero quadratics

{x}T [U ]{x} = {x}T [Φ][Λ] [Φ]T{x}︸ ︷︷ ︸
{y}

= {y}T [Λ]{y} = 0 for ∀{x}

Multiplying diagonal

λ1y
2
1 + λ2y

2
2 + · · · + λny

2
n = 0 for ∀{y} ⇒ λi = 0 ⇒ [U ] = [0]

However

[Φ]T{x} = {y} , [Φ] = regular ⇒ {y} 7→ {x}



Angular distortion
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Angular distortion
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Bilinear form

dx · dy − dX · dY = d{x}T d{y} − d{X}T d{Y }
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Angular distortion
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dx · dy − dX · dY = d{x}T d{y} − d{X}T d{Y }

= d{X}T [F ]T [F ] d{Y } − d{X}T d{Y }

= d{X}T ([F ]T [F ]− [I ])︸ ︷︷ ︸
2[e]

d{Y }



Angular distortion
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Bilinear form

dx · dy − dX · dY = d{x}T d{y} − d{X}T d{Y }

= d{X}T [F ]T [F ] d{Y } − d{X}T d{Y }

= d{X}T ([F ]T [F ]− [I ])︸ ︷︷ ︸
2[e]

d{Y }

corollary: e = 0 ⇒ dx · dy = dX · dY for all directions



Non-uniqueness

Scalar product

dx · dy = ‖ dx‖‖ dy‖ cosϕ
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Non-uniqueness

Scalar product
dx · dy = ‖ dx‖‖ dy‖ cosϕ = ‖ dX‖‖ dY‖ cosϕ

dX · dY = ‖ dX‖‖ dY‖ cosϕ0



Non-uniqueness

Scalar product
dx · dy = ‖ dx‖‖ dy‖ cosϕ = ‖ dX‖‖ dY‖ cosϕ

dX · dY = ‖ dX‖‖ dY‖ cosϕ0

Comparing: cosϕ = cosϕ0



Non-uniqueness

Scalar product
dx · dy = ‖ dx‖‖ dy‖ cosϕ = ‖ dX‖‖ dY‖ cosϕ

dX · dY = ‖ dX‖‖ dY‖ cosϕ0

Comparing: cosϕ = cosϕ0 ⇒ |ϕ| = |ϕ0|



Non-uniqueness

Scalar product
dx · dy = ‖ dx‖‖ dy‖ cosϕ = ‖ dX‖‖ dY‖ cosϕ

dX · dY = ‖ dX‖‖ dY‖ cosϕ0

Comparing: cosϕ = cosϕ0 ⇒ |ϕ| = |ϕ0|

Two solutions
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Non-uniqueness

Scalar product
dx · dy = ‖ dx‖‖ dy‖ cosϕ = ‖ dX‖‖ dY‖ cosϕ

dX · dY = ‖ dX‖‖ dY‖ cosϕ0

Comparing: cosϕ = cosϕ0 ⇒ |ϕ| = |ϕ0|

Two solutions

A
A
A
A
AAK

�
�
�
�
���

dx dyϕ

J = +1
A
A
A
A
AAK

�
�
�
�
���

dy dx−ϕ

J = −1



Mirroring

F = I

J = 1

e = 0

rr
r
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Ω0

object



Mirroring

F = I F = −I
J = 1 J = −1

e = 0 e = 0
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r
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Ω0

object mirror
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Ω0

object


