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Abstract Recent experimental and theoretical improve-
ments of resonant ultrasound spectroscopy (RUS) are sum-
marized to investigate elastic constants of phases in shape
memory alloys. The proposed inversion procedure, de-
scribed in this work, is particularly suitable to reliable
evaluation of the temperature dependence of elastic con-
stants of low-symmetry ferroelastic materials which may
be strongly elastically anisotropic and tend to exist in
twinned forms. The method is applicable even for the
evaluation of single-crystal elastic constants from RUS
measurements on microtwinned crystals, since it involves
a homogenization algorithm based on the macroscopic
deformation response of the layered structure. This po-
tentially allows performing meaningful acoustic studies
on samples with a general submicron-size layered struc-
ture.
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1 Introduction

Resonant ultrasound spectroscopy (RUS) is a well-known
technique for investigation of elastic properties of solids
based on the inversion of natural frequencies of free elas-
tic vibrations of a small simply shaped specimen [1]. Com-
paring with pulse-echo ultrasonic methods, the main advan-
tage of the RUS method is that elastic constants can be de-
termined from a single measurement. For this reason, the
method can be employed for measurements of temperature
dependences of elastic constants, which are fundamental
thermodynamic properties of solids and give essential infor-
mation on the phase structure stability.

The RUS method has been successfully applied for char-
acterization of composite materials. Elastic constants of dis-
similar layers composed into isotropic laminates were deter-
mined by RUS technique using discrete-layer approximation
for 3D vibration model, as may be found in [2], and a pre-
diction of elastic properties of MCC composites with hexag-
onal symmetry by several phenomenological micromechan-
ical models was utilized in [3]. The extension of variational
formulas for evaluation of piezoelectric properties of lay-
ered structures was described in [4]. The RUS method also
has a great potential in the field of mechanical spectroscopy
and evaluation of internal friction in materials [5, 6]. A great
importance of RUS methods was found in NDT and quality
control techniques. For example, the RUS method involv-
ing Rayleigh mode resonance technique was applied to de-
tect surface cracks on bearing ceramic balls [7]. Several ex-
perimental RUS techniques exploiting nonlinear phenomena
have been recently developed [8, 9].

Standard analysis of resonances (RPR algorithm de-
scribed in [1]) is based on a comparison of measured reso-
nance frequencies with free-vibration calculation. This com-
parison requires reliable mode identification, which can be
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significantly increased by characterizing eigenmodes of the
vibration by laser interferometry measurements of displace-
ment distribution patterns [10].

Elastic properties of strongly anisotropic single crystals
of phase transforming materials, discussed widely in [11],
complicate the use of the conventional RUS method with
the standard RPR algorithm [12] because of the need to in-
volve a large number of resonances. The extension of the
RUS method, Modal RUS (MRUS), applicable to a gen-
eral parallelepiped arbitrarily oriented specimen of strongly
anisotropic crystals is briefly referred in [13, 14], where a
novel optimization approach for the inversion is introduced,
employing both resonance frequencies and the correspond-
ing eigenmodes as inputs.

In this paper, we summarize recent experimental and the-
oretical improvements of resonant ultrasound spectroscopy
for investigation of elastic constants of individual phases of
SMA:

(i) A reliable vibration mode identification exploiting
scanning laser interferometry measurement, which
leads to a well-posed resonance inversion.

(ii) Estimation of accuracy in the evaluation of elastic con-
stants or their combinations.

(iii) Stabilization of RUS inversion by phase velocity mea-
surements (pulse-echo method).

(iv) A homogenization model based on the macroscopic
deformation response of the layered structure, and its
application to microtwinned crystals. This approach,
more general than [5], may be found of particular im-
portance to the analysis of elastic properties of fer-
roelastic solids and other intermetallics.

2 Fundamentals and extensions of RUS

2.1 Dynamic model for anisotropic parallelepiped
vibration: forward problem of RUS

The forward problem of RUS lies in the evaluation of eigen-
frequencies and eigenmodes of free vibrations of an elas-
tic specimen. The resonance frequencies and eigenmodes of
such can be sought by finding stationary points of the La-
grangian

Λ = 1

2

∫
V

[
ρω2u2

i (x) − Cijkl

∂ui

∂xj

(x)
∂uk

∂xl

(x)

]
dV, (1)

where V is the specimen’s volume, Cijkl is the tensor of
elastic coefficients, u(x) is the displacement field, ρ is the
mass density, and ω is the sought eigenfrequency.

In general, a solution of (1) may not have a closed-form,
and this problem must be, thus, solved numerically, as it can
be found in literature, e.g., [1], for many different shapes of

Fig. 1 Geometry of the parallelepiped and introduction of coordinate
axes

either homogeneous or heterogeneous sample. If the spec-
imen is homogeneous and has a simple shape, the Ritz
method seems to be the most effective numerical procedure.
In case of measuring single crystals of SMAs, rectangular
shaped specimens are the most convenient, which allows us
to combine, at the same time, the RUS technique with pulse-
echo measurement (advantages of this will be discussed be-
low). When rectangular sample transforms from austenite to
a single-variant martensite, it changes its shape to a nonrec-
tangular parallelepiped. For this reason, we develop, in the
following paragraph, the eigenmodes computation by Ritz
method for anisotropic, nonrectangular parallelepiped.

Let us consider an anisotropic, nonrectangular paral-
lelepiped in Fig. 1. In the Cartesian coordinate system X =
{x1,x2,x3}, let the anisotropic elasticity be described by the
tensor Cijkl . Geometry of a specimen is given by unit nor-
mals n1,n2,n3 to the parallelepiped’s faces, and dimensions
d1, d2, d3 (measured in directions of the normals).

Now, consider linear transformation of vector coordi-
nates in the X basis into coordinates in a new Y basis given
by

(p)Y = B(p)X, (2)

where B is a regular matrix defined as

B =
⎛
⎝ (n1)x1 (n1)x2 (n1)x3

(n2)x1 (n2)x2 (n2)x3

(n3)x1 (n3)x2 (n3)x3

⎞
⎠ . (3)

It is obvious that the base vectors {y1,y2,y3} of Y are par-
allel to the parallelepiped’s edges (thus, form a nonorthogo-
nal coordinate system) and fulfil the normalization condition
(yi · ni ) = 1 (no sum convention).
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Applying the substitution (2) in the Lagrangian (1), we
obtain

Λ = 1

2

∫ + d1
2

− d1
2

∫ + d2
2

− d2
2

∫ + d3
2

− d3
2

[
ρ

�ω2u2
i (y)

− Tijkl

∂ui

∂yj

(y)
∂uk

∂yl

(y)

]
dy1 dy2 dy3, (4)

where � = det B is the Jacobian of the considered transfor-
mation, and

Tijkl = 1

�CipkoBjpBlo. (5)

The four-dimensional array Tijkl relates the elasticity of
the material (point property given by tensor Cipko), with
the sample geometry given by the product BjpBio.. For a
mutual rotation of the geometry, Tijkl does not follow the
transformation rules for the fourth-order tensor but pos-
sesses major symmetry Tijkl = Tklij . The advantage of us-
ing Tijkl rather than a fully rotated tensor lies in a consid-
erably faster evaluation of this array. This approach keeps
the displacement vector u in the original coordinate sys-
tem X (even if it is a function of the nonorthogonal coor-
dinates Y).

By this transformation, we obtained formally the same
expression of Lagrangian as for the rectangular specimen
which was already solved in literature, originally by [15],
later by [1]. Following the paper [15], the Ritz method was
applied by taking base functions in the form

Ψabc = Pa

(
2y1

d1

)
Pb

(
2y2

d2

)
Pc

(
2y3

d3

)
,

a, b, c = 0,1,2,3, . . . , a + b + c ≤ N, (6)

where Pn(y) is the normalized Legendre polynomial of de-
gree n defined as

Pn(y) =
√

(2n + 1)/2

2nn!
[

dn

dyn

(
y2 − 1

)n
]
. (7)

In this basis, the solution is expanded as

ui(y) =
∑
abc

α[abc,i]Ψabc(y). (8)

Condition for stationary points of the Lagrangian Λ leads to
the symmetric eigenvalue problem

(
ω2E[abc,i],[def,j ] − �[abc,i],[def,j ]

)
α[abc,i] = 0, (9)

where

E[abc,i],[def,j ] = δij δadδbeδcf , (10)

�[abc,i],[def,j ]

= �
ρ

8

d1d2d3
Tijkl

×
∫ + d1

2

− d1
2

∫ + d2
2

− d2
2

∫ + d3
2

− d3
2

∂Ψabc

∂yk

∂Ψdef

∂yl

dy1 dy2 dy3. (11)

For effective computation of the matrix �, the integrals Dmn

and Nmn were computed in advance, using symbolic algebra
(Symbolic Math Toolbox™):

Dmn =
∫ 1

−1

dPm(x)

dx

dPn(x)

dx
dx, (12)

Nmn =
∫ 1

−1

dPm(x)

dx
Pn(x)dx. (13)

The Cholesky algorithm, implemented in the standard
MatlabR routine eig.m, was used for determination of both
the eigenfrequencies and eigenvectors of (9).

Note that E is the unity matrix. Some authors [1, 16] use
the base functions of the type xrypzq for modeling more
general shapes of solids. In that case, E is a full matrix,
and (9) represents a generalized eigenvalue problem.

The accuracy of the solution of problem (1) by the Ritz
method depends on maximum degree of the Legendre poly-
nomial N taken in expression (6). By increasing N , preci-
sion is increasing, but on the other hand, computation time
for solving (9) increases dramatically, since the dimension
of the matrix � is given by

rank(�) = (N + 1)(N + 2)(N + 3)/2. (14)

Arbitrary material symmetry and material coordinate sys-
tem orientation is assumed in the present computation. In
this general case, the inversion symmetry is the only com-
mon symmetry element of both the homogeneous paral-
lelepiped and elastic constant matrix. According to [17],
one can separate symmetric and antisymmetric base func-
tions Ψabc (symmetric and antisymmetric Ψabc may be dis-
tinguished by whether a +b + c is even or odd) and split the
matrix � into two blocks. This decomposition of � consid-
erably reduces computation time.

It is worth mentioning here the linear dependence of the
matrix � on elastic constants Cijkl , which comes directly
from its definition (11). For the set of independent elastic
constants Ck , the matrices ∂�/∂Ck depend only on geome-
try, density N , and symmetry of the sample and can be eval-
uated a priori without specifying Ck . Consequently, the ma-
trix � can be completed as

� = ∂�

∂Ck

Ck. (15)

This property dramatically reduces time for iterative com-
pletion of � for a different set of Ck .
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From (8) and (9) one can easily establish the surface dis-
tribution of the displacement field and consequently the dis-
placement in the direction of face normal for each mode.
Thus, for the face with normal n1, one obtains

v(y2, y3)

=
∑

i

(
(n1)xi

∑
abc

α[abc,i]Pa(1)Pb

(
2y2

d2

)
Pc

(
2y3

d3

))
,

(16)

where y2 ∈ 〈− d2
2 , d2

2 〉 and y3 ∈ 〈− d3
2 ,

d3
2 〉 represent edge co-

ordinates (analogically for n2 and n3).

2.2 Evaluation of elastic constants: inversion procedure

To evaluate the elastic constants, one must first solve the for-
ward problem of calculating the natural frequencies from the
elastic constants and then apply a nonlinear inversion proce-
dure to find the required elastic constants from the measured
natural frequencies. This means, in general, finding the op-
timal set of constants Ck minimizing the error function

F(Ck) =
∑
p

(
f cal

p (Ck) − f
exp
p

)2
, (17)

where f cal
p and f

exp
p are the corresponding calculated and

measured frequencies of the pth measured mode.
The inversion procedure brings two fundamental prob-

lems. First of them is the correct assignment of experimen-
tal and calculated modes, the second is the determination of
accuracies of different constants or their combinations ob-
tained from this inversion.

An incorrect assignment of experimental and calculated
modes is a source of many errors in classical RUS method,
where the resonance response is detected at a single point of
the sample. In this approach, simple ordering of calculated
and measured frequencies is performed to associate corre-
sponding modes. In both cases, either when one has an in-
accurate estimation of constants Ck , or if some resonance is
missed during measurements, the incorrectness appears. To
avoid this uncertainty, normal displacements of the vibrating
specimen surface are measured by scanning Laser–Doppler
interferometry [13]. By obtaining this additional informa-
tion about the shape of different eigenmodes, one can iden-
tify resonance modes and correctly associate the computed
and measured frequencies. In the following text, the way in
which this information is implemented to the inversion is
described. Note that eigenmodes form a system of orthogo-
nal vectors, but their surface projections do not. Hence, one
should be aware of that identical projections may belong to
different modes.

By the RUS method, the elastic coefficients can be iden-
tified with a large variation in accuracy. The question how
to determine which coefficients can be evaluated precisely

from the resonant spectra and which not, plays an im-
protant role, in particular, in strongly anisotropic materials.
that there exist some combinations of elastic constants on
which resonance frequencies sensitively depend (see exam-
ple for cubic symmetry, where δf depends mainly on δC′
and δC44). These combinations can be obtained by the fol-
lowing procedure:

Let α1,2,...,p be the eigenvectors corresponding to mea-
sured eigenfrequencies f

exp
1,2,...,p = ω

exp
1,2,...,p/2π . The deriv-

ative of the frequency f
exp
j with respect to the constant Ck

can be expressed as (using a formula from perturbation the-
ory)

∂f
exp
j

∂Ck

= αT
j

∂�
∂Ck

αj

8π2 · f exp
j

. (18)

The rate of sensitivity of the measured spectrum to the par-
ticular elastic coefficient Ck can be taken as the sum of
squares of such derivatives over the whole measured spec-
trum, i.e.,

∑
j=1..p

(
∂f

exp
j

∂Ck

)2

=
∑

j=1..p

(
αT

j
∂�
∂Ck

αj

8π2 · f exp
j

)2

. (19)

The sensitivities analogical to (19), but with respect to linear
combinations C∗

l , related to the original set of elastic coeffi-
cients Ck by the linear equations

Ck = βklC
∗
l , (20)

may be expressed as

S2
l =

∑
j=1..p

(
∂f

exp
j

∂C∗
l

)2

=
∑

j=1..p

(
βkl

∂f
exp
j

∂Ck

)2

= [β1l . . . βql ] GT G

⎡
⎣β1l

. . .

βql

⎤
⎦ , (21)

where

G =

⎡
⎢⎢⎣

∂f
exp
1

∂C1
. . .

∂f
exp
1

∂Cq

. . . . . . . . .
∂f

exp
p

∂C1
. . .

∂f
exp
p

∂Cq

⎤
⎥⎥⎦ . (22)

The matrix GT G is symmetric, and its eigenvectors can
be, thus, chosen to form an orthogonal normalized system.
By sorting its eigenvalues in decreasing order and choosing
[β1l . . . βql] to be the lth eigenvector, the constants C∗

l are
related to the original constants Ck by an orthogonal trans-
formation, which orders the linear combinations C∗

1 from
the best determinable one to the one most difficult to obtain.
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2.3 Architecture of inversion procedure

The used inversion procedure consisted of following steps:

(1) We consider a parallelepiped sample with given mater-
ial symmetry, density ρ, and shape defined by face unit
normals n1,n2, and n3 and distances of parallel faces
d1, d2, d3.

(2) We compute the matrices ∂�/∂Ck (Ck is the set of
independent elastic constants) by formula (11) setting
Ck = 1 and Cj = 0 for all j 
= k. The maximal degree
of the Legendre polynomial N should reflect the num-
ber of fitted resonances.

(3) We take a first estimation of the constants C
(0)
k , com-

plete the matrix � using (15), and calculate its eigenval-
ues and eigenvectors.

(4) Using formula (16), we compute surface distributions
of displacement corresponding to each mode and, us-
ing comparison of computed and experimentally mea-
sured distributions, we try to associate measured and
computed spectra.

(5) We compute the matrix GT G with frequencies f
exp
j and

the associated eigenvectors αas
j and determine the linear

combinations C∗
k . (The eigenvectors αas

j do not exactly
equal the experimental eigenvector, and thus the deriv-
atives ∂f

exp
j /∂Ck obtained from (18) are only approxi-

mate.)
(6) We minimize the error function

F
(
C∗

k

) =
∑

p∈assoc.

(
f cal

p

(
C∗

k

) − f
exp
p

)2
. (23)

The modes are associated such that the calculated fre-
quency f cal

p (C∗
k ) always corresponds to the eigenvector

α which fulfils the condition
∣∣αas

p .α
∣∣ = max

j

(∣∣αas
p .αj

∣∣), (24)

where αas
p is the associated eigenvector to the fre-

quency f
exp
p from Step 4, and αj are eigenvectors of

�(Cj (C
∗
k )). The nonassociated modes were not taken

into account in (23).
The minimization is performed by a gradient (Leven-

berg–Marquardt) method, which provides fast and
straightforward convergence. The efficiency of the in-
verse determination of the elastic coefficients was im-
proved by deriving the analytical expression of the gra-
dient and the Hessian of the error function using formu-
lae from perturbation theory

∂ω2
j

∂C∗
k

= αT
j

∂�

∂C∗
k

αj , (25)

∂2ω2
j

∂C∗
k ∂C∗

l

= αT
j

∂�

∂C∗
k

∂αj

∂C∗
l

+
(

∂αj

∂C∗
l

)T
∂�

∂C∗
k

αj , (26)

where

∂αj

∂C∗
l

=
∑

i
ωi 
=ωj

αT
i

∂�
∂C∗

l
αj

ω2
j − ω2

i

αi . (27)

The refinement of the constants are sequential; we firstly
release only C∗

1 and then add subsequent constants one
by one.

(7) Accuracy of the evaluated constants C∗
j is estimated

from the expression

κj =
√√√√√

∑
p∈assoc.(f

cal
p − f

exp
p )2

∑
p∈assoc.(

∂f cal
p

∂C∗
j
)2

. (28)

The constants C∗
j with low value of κj are accepted,

the rest is replaced by the first estimation, and C
(1)
j are

reversibly computed from (20). Then we return back to

Step 3 with new constants C
(1)
j and repeat this process

until we match all the measured resonances and fit their
frequencies.

This reformulated inversion with parameters C∗
l sorted

by their sensitivities Sl (rather than the original constants Ck)

enables us to perform the optimization gradually (firstly for
C∗

1 , other fixed, secondly for C∗
1 and C∗

2 , etc.) up to a cho-
sen sensitivity level. Hence, the inverse procedure is more
robust than the classical method optimizing all original con-
stants Ck together. This minimization approach starts with
the initial guess C

(0)
k , which can be chosen ad hoc or ob-

tained from preliminary pulse-echo measurements. If the
guess is far from the exact values of elastic constants, only
some first modes can be associated at the first step of the
procedure. In the next step (next approximation of Ck), the
mode association may be completed.

3 Example: RUS measurement on CuAlNi single crystal

As mentioned above, the RUS method is capable to de-
termine the elastic constants of the individual phases from
the measurements on one specimen. The following example
demonstrates sensitivity of this method on a CuAlNi sin-
gle crystal. It utilizes a hysteresis of transformation temper-
atures of B2 austenite and 2H martensite with orthorhom-
bic symmetry, enabling the existence of both phases at room
temperature.

The parallelepiped of the austenite was cut from a sin-
gle crystal prepared by the Bridgeman method (dimensions
5.11 × 6.16 × 5.22 mm, orientations [0.53 −0.80 −0.26],
[0.81 0.58 −0.07], [0.21 −0.15 0.96]).

The RUS measurement on austenite was performed in the
frequency range 0.1–0.6 MHz, and 65 identified modes were



M. Landa et al.

Table 1 Coefficients of linear combinations C∗
l sorted by sensitivities Sl

l (a) austenite phase Sl

βl[11] βl[12] βl[44] [kHz/GPa]

1 0.70970 −0.70141 0.06575 69.51

2 0.01024 0.10359 0.99456 2.80

3 0.70442 0.70517 −0.08070 0.20

(b) martensite phase Sl

l βl[11] βl[22] βl[33] βl[44] βl[55] βl[66] βl[23] βl[13] βl[12] [kHz/GPa]

1 0.262 0.397 0.033 0.114 0.584 0.129 −0.134 0.076 −0.614 27.0

2 −0.187 −0.288 0.017 0.076 0.795 0.008 0.081 −0.092 0.477 11.1

3 0.003 −0.000 0.075 0.582 −0.150 0.780 −0.014 −0.083 0.128 3.6

4 −0.075 0.038 0.075 0.769 −0.054 −0.591 −0.196 0.052 0.013 2.8

5 0.273 −0.149 −0.143 0.179 −0.007 −0.125 0.748 −0.478 −0.212 1.7

6 0.153 0.148 0.568 −0.131 −0.026 −0.062 −0.315 −0.704 0.111 1.7

7 0.576 −0.717 0.206 0.011 −0.003 0.008 −0.216 0.214 −0.132 0.6

8 0.674 0.385 −0.323 0.008 0.001 −0.057 −0.044 0.074 0.530 0.2

9 0.072 0.221 0.704 −0.008 −0.004 −0.031 0.476 0.445 0.150 0.1

taken into account for the sensitivity analysis. Results are
scheduled in Table 1a, where the coefficients of linear com-
bination C∗

l = βl[K]C[K], l = 1,2,3 and [K] = 11,12,44,
are sorted by sensitivity Sl values in descending order. Sen-
sitivity greater than 1.0 kHz/GPa is marked by red (dark
grey), and values of βl[K] > 0.2 are highlighted by magenta
background (light grey).

The combinations C∗
k are numerically near the following

quantities:

C∗
1 ≈ (C11 − C12)/

√
2 = C′/

√
2,

C∗
2 ≈ C44, C∗

3 ≈ (C11 + C12)/
√

2.

Hence, the RUS results are very sensitive to C′ and partially
also to C44, but reliable determination of the C∗

3 is close to
impossible. The resulting constants are:

C∗
1 = (18.11 ± 0.14) GPa, C∗

2 = (108.38 ± 2.14) GPa,

C∗
3 = (169.46 ± 34.94) GPa.

A single-variant martensite crystal (nonrectangular 5.14 ×
5.92 × 5.39 mm parallelepiped with face normals [−0.71;
0.58; −0.37], [0.32; 0.84; 0.42], [0.55; 0.23; −0.80])
was obtained from the austenite specimen by applying a se-
quence of compressions [11]. RUS measurement was per-
formed in the frequency range 0.1–0.8 MHz, and 70 res-
onances were taken into account. The resulting weights of
linear combination βl[K], [K] = 11,22,33,44,55,66,23,

13,12 and l = 1,2, . . . ,9, are shown in Table 1b with the
same sense of marking. The measurement exhibits low sen-
sitivity to combinations C∗

7 ,C∗
8 , and C∗

9 . The original elas-

tic constants Ck are widely distributed in the combinations.
In this example, the constants C33,C23, and C13 are ex-
pected to be worse determined from the given frequency
band. Even if the presented mode identification and intro-
ducing of eigenvectors into the optimization algorithm im-
prove the RUS evaluation procedure and enable the exten-
sion of the range of analyzed spectra, there are still high
frequency limits (∼100 resonances) given by the precision
of calculation and possible overlapping of resonances. This
upper limit of the frequency band also depends on the qual-
ity of resonances, which can be closely related to the quality
of crystals.

4 Stabilization of the inverse procedure by the phase
velocities

From the example described above, we can conclude that
the reason why some of the linear combinations of the elas-
tic coefficients cannot be accurately determined from the
RUS measurements might be sought in that these combi-
nations are somehow related to the fastest modes of elas-
tic wave propagation in the considered material, which, due
to the long wavelength, correspond only to minor part of
the measured spectrum. Such an assumption can be vali-
dated by evaluating the sensitivity of phase velocity mag-
nitudes in directions of the parallelepiped’s face normals to
the linear combinations C∗, see [14] for details. The low
sensitive combinations are closely related to the phase ve-
locities of quasi-longitudinal elastic waves in directions of
normals to the parallelepipeds faces. The whole inversion
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procedure may be stabilized by involving the results of ad-
ditional acoustic velocity measurements (by means of, e.g.,
pulse-echo methods). Such a hybrid procedure gives some
solution of the stabilization problem. Vice versa, this ap-
proach shows that the pulse-echo method itself cannot be
used for reliable determination of those combinations of
elastic coefficients which are closely related to the first res-
onant frequencies and can be, thus, reliably obtained from
RUS measurements.

5 Temperature dependencies of elastic constants

The main importance of the RUS method for characteriza-
tion of ferroelastics stems in reliability of determination of
temperature dependences of elastic constants in a vicinity of
the transition temperatures.

Reliable identification of the eigenmodes enables us to
observe the temperature evolution of one individual mode.
Via the formula

dfj

dT
= αT

j
d�
dT

αj

8π2 · fj

≈
∑

k

αT
j

∂�
∂Ck

αj

8π2 · fj

dCk

dT
, (29)

similar to (18), we can relate temperature changes of elas-
tic constants with temperature shifts of frequencies. In (29)
we neglect change of matrix � due to thermal expansion,
considering that

(
dCk

Ck
)

dT

 α, (30)

where α is the coefficient of thermal expansion (a cubic
crystal is assumed for simplicity without loss of general
sense of the condition).

Expression (29) represents a system of linear equations
for dCk/dT , which can be solved, e.g., by simple least
square method. It is worth noting that we are able to deter-
mine the temperature derivatives with a similar relative ac-
curacy as for Ck , although the changes dCk could be much
smaller then the error in Ck .

6 Example: Temperature dependences of elastic
constants of CoAlNi

The following example demonstrates the stabilization pro-
cedure and temperature measurement. It was performed
on a parallelepiped specimen (3.27 × 3.89 × 4.50 mm
with orientation [0.80 0.59 −0.08], [−0.11 −0.01 −0.99],
[−0.58 0.81 0.08]) of austenite single crystal of CoAlNi
(33.56 wt.% Ni, 26.83 wt.% Al). The cubic constant C′ was

determined from the first eight modes (only C∗
1 was opti-

mized):

C′ = (5.33 ± 0.22) GPa at 11.4°C, and

(5.48 ± 0.21) GPa at 27°C.

The error range was obtained by (28).
Remaining constants were determined by the hybrid

method taking into account also quasilongitudinal and qua-
sitransverse phase velocities measured by pulse-echo tech-
nique in the surface normal directions at RT (28°C):

C11 = 165.6 GPa, C12 = 154.3 GPa,

C44 = 119.6 GPa

with the accuracy better than 0.3%. Note that anisotropy fac-
tor A is about 22.

Frequency shifts of first eight vibration modes with
temperature were taken into account for determination of
dC′/dT in three temperature intervals. The results were:

dC′/dT = (0.01226 ± 0.00049) GPa/K

from 27.0 to 40.5°C,

dC′/dT = (0.01145 ± 0.00026) GPa/K

from 11.4 to 27.0°C,

dC′/dT = (0.01078 ± 0.00058) GPa/K

from −4.1 to 11.4°C.

The listed errors of dC′/dT are given by 3σ interval of con-
fidence of least square method.

7 Analysis of the twinned crystals

As the above described generalization enables the RUS
method to be applied for an arbitrary parallelepiped, with
no limitations to the class and orientation of the anisotropy,
there is no reason to restrict the RUS investigation to single
variants of martensite only. For some shape-memory alloys,
or for specific orientation of the specimen, preparation of a
pure single variant of martensite can encounter serious tech-
nical difficulties. In that case, if the elastic coefficients of
the pure martensite require to be determined, the RUS mea-
surement can be applied to an ordered mixture of marten-
sitic variants, called martensitic microstructure. From de-
termined effective elastic properties of such microstructured
specimen and from known geometrical parameters of the
microstructure, the elastic coefficients of the single variant
can be evaluated.
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7.1 Geometry and elastic properties of the twinned
structure

Two assumptions must be done for the microstructured spec-
imen to be suitable for such RUS investigation:

• The microstructure must be fine, i.e., a characteristic di-
mension of layered microstructure must be incomparably
smaller than the specimen size.

• The microstructure must be homogeneous, i.e., the geo-
metrical parameters and the composition of the mi-
crostructure should not alter in different regions of the
specimen.

In Fig. 2a, a microstructure satisfying both these condi-
tions is presented, whereas Fig. 2b shows an example of a
fine but inhomogeneous microstructure.

With these two conditions fulfilled, the microstructured
specimen can be treated as a homogeneous anisotropic ma-
terial with elastic properties uniquely determined by the mi-
crostructure geometry and elastic properties of its particular
components, martensitic variants.

Although the below described algorithms for evaluation
and experimental determination of effective elastic prop-
erties of the microstructured body can be applied for any
fine and homogeneous martensitic microstructure, it is nat-
ural to deal with the simplest and most frequently observed
type of the twinned structure. Such structure is also called a
simple twin or the first-order laminate, to be distinguished
from the microstructure consisting of the crossing twins or
fractal-like twins-within-twins structures. Hence, the sup-
posed structure consists of a system of thin parallel laminae
of two different variants of martensite with alternate thick-
ness such that the resultant volume fraction of each variant
is a constant.

7.2 Mutual orientation of variants in a twinned region

Let us consider a twinned structure consisting of two vari-
ants martensite denoted A and B , and let these variants

Fig. 2 Illustrative examples of twin structures (CuAlNi) over sample:
(a) a simple twin laminate structure; (b) a fine but inhomogeneous mi-
crostructure (a macrotwin of two twinned regions)

are described by Bain tensors UA and UB . The Bain ten-
sors determine the transformation strain between the parent
austenitic phase and the particular variants martensite and
are, thus, related via the rotation matrix QAB as follows:

UA = (
QAB

)T
UBQAB. (31)

Similarly, the elastic properties of these two variants, each in
its natural cartesian axes given by the basal lattice vectors,
can be recalculated from each other by using the rule for
rotation of tensor quantities,

CA
ijkl = CB

mnpoQ
AB
im QAB

jn QAB
kp QAB

lo . (32)

To form a twin, the variants A and B must fulfill the com-
patibility condition

UA − RUB = a ⊗ n, (33)

where R is a matrix of mutual rotation of the variants in
the twinning system, n is the orientation of the twinning
plane (planar boundary between each two laminas) and a is a
shearing vector, which does not have any direct geometrical
interpretation in the twinned structure, but its existence it-
self ensures the existence of the A–B twinning system. The
rotation matrix R enables the elastic properties of variant
B in the twinning system to be expressed in the coordinate
system of variant A, using the relation

CB̃
ijkl = CB

mnpoRimRjnRkpRlo. (34)

7.3 Effective elastic coefficients evaluation

We will consider an infinitesimal microstructured volume
dV including a sufficiently large number of parallel laminas
of variants A and B such that dV can be considered as ho-
mogeneous. Let λ be the volume fraction of variant B , i.e.,
the variant A occupies the volume (1 − λ)dV and variant B

volume λdV . We assume that for each homogeneous small
strain εij of volume dV , all lamina of each variant are de-
formed homogeneously with strains εA

ij and εB
ij , respectively,

such that the condition

(
(1 − λ)εA

ij + λεB
ij

) = εij (35)

is satisfied. Since each of the strain tensors has six indepen-
dent components, (35) brings six linear conditions on 12 un-
known components of εA

ij and εB
ij . The remaining six equa-

tions can be obtained from additional requirements at the
twinning boundaries inside dV .

These are the stress equilibrium conditions

(
CA

ijklε
A
kl − CB̃

ijklε
B
kl

)
nj = 0 (36)
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Fig. 3 Examples of input and
resultant symmetries of twinned
structures

and the conditions of strain field compatibility

(
εA
ij − εB

ij

)
vivj = 0,

(
εA
ij − εB

ij

)
wiwj = 0, and

(
εA
ij − εB

ij

)
(wivj + viwj ) = 0,

(37)

where w and v are two independent unit vectors lying in the
twinning plane.

Equations (35)–(37) deliver for each given homogeneous
strain εij all independent components of strains εA

ij and εB
ij .

The effective stored elastic energy density corresponding to
such homogeneous strain can be written as the weighted av-
erage of stored elastic energy densities in particular variants,
i.e.,

f (εij ) = (1 − λ)CA
ijklε

A
ij ε

A
kl + λCB̃

ijklε
B
ij ε

B
kl. (38)

However, this energy can also be expressed by the effective
elastic coefficients as

f (εij ) = Cijklεij εkl, (39)

which is a linear combination of all Cijkl components. So it
is sufficient to take 21 strains εij such that the fourth-rank
tensors εij εkl are linearly independent to reformulate (38)
and (39) to a linear system for unknown coefficients Cijkl ,
where the particular strains εA

ij and εB
ij are, for each εij , eval-

uated via (35)–(37). The strains εij can be chosen in many
different ways. We used all symmetric permutations of ma-
trices

E1 =
⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠ , E2 =

⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠ ,

E3 =
⎛
⎝1 1 0

1 0 0
0 0 0

⎞
⎠ , and E4 =

⎛
⎝0 1 1

1 0 0
1 0 0

⎞
⎠ ,

(40)

which gives exactly 21 strains with independent εij εkl ten-
sors.

The 21 × 21 system (38)–(39) is always solvable and re-
sults in all Cijkl components oriented in the original coor-
dinate system of CA

ijkl . The resultant tensor has, in general,

a symmetry different from the input tensors. The symme-
try can both increase and decrease, depending on the mu-
tual orientation R, the twinning plane orientation n, and the
volume fraction λ. Illustrative examples of symmetries of
twinned structure in a 2D case are shown in Fig. 3.

From the known effective elastic coefficients, the eigen-
modes and eigenfrequencies of a twinned parallelepiped can
be evaluated. To do that, we need to determine the orienta-
tion of parallelepiped’s faces with respect to the coordinate
system of the resultant Cijkl tensor. This can be easily done
by stating

m = (1 − λ)mA + λmB̃ , (41)

where mA is the parallelepiped face normal orientation in
variant A and mB̃ in variant B rotated to A by rotation R.
The resultant faces are not exactly planar; they consist of
planar facets of two different orientations forming together
a rough surface. However, if our assumption of fine structure
is satisfied, the surfaces are nearly planar and do not effect
the global vibrational properties of the sample.

7.4 Example: RUS analysis of the finely twinned
compound structure of CuAlNi

The specimen with the twinned martensitic microstructure
was prepared from the CuAlNi crystal (the 3rd section) by
a stress-induced transition. The elastic coefficients of a sin-
gle crystal were known for this material (determined from a
single-variant measurement), so the experimentally obtained
and evaluated results could be easily compared.

The effective elastic coefficients were inversely deter-
mined from the RUS measurement as if the twinned spec-
imen was homogeneous. Then, the elastic coefficients of the
single variant were tried do be determined by simplex mini-
mization of the error function

F
(
C

single
variant
k

)

=
∑

k

(
C

effective,
experimental
k − C

effective,
evaluated
k

(
C

single
variant
k , λ

))2
. (42)
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This microstructure consisted of thin Compound twins of
approximatively 10% vol. of one variant in another. Both
opposite surfaces were observed to reveal possible crosst-
wins structure inside the specimen. Based on the micro-
scopic analysis, we could find that the twined structure ful-
fils both our conditions on an ideal case of a fine, homoge-
neously twinned structure, and the volume fracture λ was
estimated. The optical micrograph of the examined twinned
specimen and a scheme of the Compound twins are shown
in Fig. 4a.

In the Compound twins, the two involved variants share
a common crystallographic axis (Fig. 4b), and, thus, the
twinned structure retains a relatively high symmetry, com-
pared to the more general types of twinning.

Obviously, for λ ∈ {0;0.5;1}, the resulting microstruc-
ture is exactly orthorhombic. For any other volume fraction,
the resulting symmetry is monoclinic with 13 independent
elastic coefficients. In our case of λ = 0.1, the structure is
slightly monoclinic, with the experimentally obtained effec-
tive elastic constants

C

effective
experimental
ij =

⎛
⎜⎜⎜⎜⎜⎜⎝

191.54 ± 0.88 139.61 ± 0.65 70.54 ± 1.39 0 −0.33 ± 0.01 0
149.25 ± 0.60 97.98 ± 1.24 0 −0.04 ± 0.01 0

237.79 ± 1.57 0 0.37 ± 0.01 0
63.4 ± 0.17 0 <0.01

24.16 ± 0.14 0
symm. 62.67 ± 0.28

⎞
⎟⎟⎟⎟⎟⎟⎠

[GPa],

(43)

which is close to the orthorhombic symmetry of the ma-
jor variant. The experimental values (43) were determined
by the stabilized inversion procedure including RUS and a
pulse-echo data obtained on the same twinned sample with
the orientation of parallelepiped faces given by (41). Since
the monclinicity is negligible, it is convenient to approxi-
mate such monoclinic structure by an orthorhombic struc-
ture with the symmetry axes parallel to the principal direc-
tions of the major variant. This approximation significantly
lowers the dimension of the inverse problem for the twinned
specimen (from 13 to 9).

Comparison of elastic coefficients of the single variant
determined from the single-variant specimen and from the
twinned specimen is shown in Table 2. The error ranges are
determined as 3σ intervals from 25 calculations for input
monoclinic coefficients taken randomly within the accuracy
intervals from the experimental matrix (43). The structure
orientation was taken as fixed. We can note that this Monte
Carlo approach is stable with respect to the experimental

Fig. 4 Optical micrograph of the Compound twinned specimen (on
the left) and a schematic sketch of the Compound twins (on the right)

uncertainties. The results are in a good agreement with the
single-variant measurement (the left column), small discrep-
ancies can be assigned either to the above discussed approx-
imation or to inaccuracy in the input volume fraction. The
latter was checked by taking the volume fraction λ as an
independent parameter, which was optimized together with
the elastic coefficients. However, such extension of the er-
ror function (42) did not cause any dramatic changes in the

Table 2 Comparison of elastic coefficients obtained from a single
variant, from a twinned specimen with the volume fraction considered
as λ = 0.1, and for optimized volume fraction λ = 0.097

[GPa] Measured on Determined from Optimized volume
a single variant a twinned specimen Fraction (9.7%)

C

single
variant

11 185.3 ± 1.1 186.8 ± 1.1 187.0 ± 1.3

C

single
variant

22 151.3 ± 0.8 153.7 ± 0.8 153.5 ± 0.8

C

single
variant

33 241.9 ± 2.4 243.7 ± 2.1 243.4 ± 2.2

C

single
variant

44 63.2 ± 0.2 64.5 ± 0.8 64.5 ± 0.4

C

single
variant

55 23.9 ± 0.2 23.8 ± 0.8 23.9 ± 0.9

C

single
variant

66 62.0 ± 0.4 61.7 ± 0.5 61.7 ± 0.6

C

single
variant

23 88.0 ± 1.8 91.2 ± 1.6 91.5 ± 1.5

C

single
variant

13 67.8 ± 1.8 65.4 ± 1.4 65.4 ± 1.7

C

single
variant

12 141.8 ± 0.8 142.3 ± 0.7 142.1 ± 0.8
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resultant elastic coefficients, as can be seen in the third col-
umn of Table 2. The optimal volume fraction was obtained
as λ = 0.097, which is in surprising agreement with the es-
timation from optical observation.

8 Conclusions

This paper brought an analysis of applicability of the RUS
measurements for experimental investigation of elastic prop-
erties of ferroelastic single crystals. Due to the strong
anisotropy, the effect of some of the elastic coefficients on
the measured spectra is suppressed such that these coeffi-
cients cannot be reliably determined. For this reason, we
introduced a procedure allowing us to separate the reliably
determined linear combinations of elastic coefficients from
those which cannot be obtained with comparable accuracy.
Via this approach, the maximal information obtainable from
the RUS measurements can be estimated. Moreover, this ap-
proach showed that the RUS technique and the pulse-echo
measurements are complementary in the sense that the com-
binations unobtainable from RUS can be reliably determined
from phase velocity measurements in directions of the spec-
imen’s face normals, and vice versa.

In the martensitic phase, the ferroelastics can be often
found in a form of fine periodic microstructures. The RUS
method was shown to be applicable for experimental investi-
gation of such microstructured media and enabled the elastic
coefficients of the single variants (single components of the
microstructure) to be determined from measurements on the
microstructured specimens. That was possible due to known
geometric relations between particular variants inside the
microstructure, which enabled a simple homogenization of
the elastic properties.
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